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This paper reports the design and performance of a high resolution crystal analyzer spectrometer (CAT) which has been 
built and operated at KENS. Energy resolution of the instrument is de/e = 0.02-0.03 in the range of energy transfer 
e = 0.05-1 eV. The local modes of hydrogen in various metallic hydrides have been measured by this spectrometer. Higher 
harmonics of the local modes have been observed, with their fine structure, up to 5th order for Till2, ZrH~.41 and ZrHi.93. 
Anbarmonicity parameters of the hydrogen potential for ZrH14b Till2 and Tal-I0.t (30 K) have been determined from their 
energy shifts relative to the harmonic values. 

1. Instrument 

A high resolut ion crystal spec t romete r  has 
been built and opera ted  at KENS.  The  instru- 
ment  makes  it possible to measure  incoherent  
neu t ron  scattering with large energy  t ransfer  in 
the range e = 0 . 0 5 - 1 e V ,  with a resolut ion of  
about  Ae/e = 0 .02-0.03 in the entire range of  
energy  t ransfer  [1]. The  ins t rument  is of  inverted 
geomet ry  type;  the scat tered neu t rons  are detec-  
ted at a fixed energy  by a large analyzer  crystal, 
while the incident neu t ron  energy  is de te rmined  
f rom the measured  total time of  flight, t, using 
the following relat ion: 

Li Lf 
t = ~ i + - ~ e ,  (1) 

where  Li, Lf, Vi, and Vf are incident (i) and 
scat tered (f) flight path lengths and neu t ron  
velocities, respectively.  

In this type of  spect rometer ,  general ly speak- 
ing, uncer ta inty  in the second term becomes  
large due to the finite extents  of  sample,  analyzer  
and detector .  This reflects on the first te rm 
through  the relat ion (1) and results in the poor  
definition of the incident energy.  If we put  the 
sample and the de tec tor  on a plane,  and set the 

analyzer  parallel to  this plane, then two-dimen-  
sional focussing is realized in t ime of flight be- 
tween sample and de tec tor  [1]. This focussing 
geomet ry  makes  it possible to improve  the 
energy  resolut ion without  sacrificing the 
geometr ic  count ing efficiency. A p ro to type  spec- 
t rome te r  of this type was deve loped  and 
ope ra t ed  at T o h o k u  linac [2-4].  In the new 
machine  at KENS,  s ignal - to-background ratio 
has been great ly increased with an improved  
energy  resolut ion [1]. M o m e n t u m  transfer  Q is 
rapidly increased with energy  transfer  e, due to 
the low final energy,  but  the spec t rometer  will be 
useful for the measu remen t s  of the local m o d e  of  
hydrogens  in metallic hydrides,  for the molecular  
spectroscopy,  etc., where  the value of  Q is not  
crucial and the Q - d e p e n d e n c e  not  so important .  
Similar ins t ruments  were  opera ted  also at the 
pulsed neut ron  facilities of Harwell  linac [5], 
Z I N G - P '  at A r g o n n e  [6], and W N R ,  at Los  
A l a m o s  [7]. 

Fig. 1 shows the spec t rometer  configuration.  
The  ins t rument  has been  installed at H-7 beam 
hole which views the surface of a m o d e r a t o r  
(polyethylene slab at r o o m  tempera ture )  per- 
pendicularly.  M a x i m u m  beam size at the sample 
posit ion is 7 cmW× 7 cm H. In order  to minimize 
the ambigui ty  of  the incident flight path length, a 
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Fig. 2. Time distribution (a) and energy distribution (b) of 
detected neutrons. 

Fig. 1. Configuration of spectrometer (CAT). 

plane sample is set perpendicular  to the beam at 
LI = 5.299 m. The  analyzer  crystal is a 10 cm × 
10cm pyrographi te  (mosaic spread 1.2°). A 
Bragg angle of 0 n - 4 3  ° is used, and the (002) 
reflection cor responds  to Ef = 4 meV.  Eight He-3  
propor t iona l  counters ,  1/2 inches in d iameter  and 
12 inches in active length filled to 20 atm pres- 
sure, are set horizontal ly  to fo rm a de tec tor  
plane. In the present  configurat ion,  the center-  
line distance be tween sample and analyzer,  and 
that be tween analyzer  and de tec tor  are 3 6 c m  
respectively which cor respond  to inter-plane dis- 
tance a = 24.2 cm. A beryl l ium filter (9.5 c m H z  
12 cmW× 15 cm L) cooled to l iquid-nitrogen tem- 
pera ture  is used be tween analyzer  and de tec tor  
with a post cross col l imator  made  of  cadmium,  in 
o rder  to el iminate neut rons  due to higher o rder  
reflections. S a m p l e - a n a l y z e r - d e t e c t o r  system is 
buried in a shield box of 2-cm-thick B4C and 
25-cm-thick bora ted  resin wall. 

Extensive studies of  the energy resolution 
were  pe r fo rmed  by a Monte  Carlo compute r  
simulation for  a s ample -ana lyze r - f i l t e r  de tec tor  
system. Fig. 2(a) shows the effect of the mosaic 
spread,  /3, in the analyzer  crystal on the time 
distribution of  the scat tered neutrons.  This in- 
dicates that  mismatch in t ime focussing due to 
the finite value of  /3 is not  significant in this 
spect rometer .  The  most  probable  value of tf is 
de te rmined  to be tf = 821 ~S f rom this result. 

Fig. 2(b) shows the calculated energy  spect rum 
of the scat tered neutrons.  The  width is fairly 

wide which is consistent with the measurement ,  
and f rom this distribution, the mean  value of Ef 
is de te rmined  to be/~f  = 3.9 meV.  

The  effect of the finite size and circular cross 
section of the de tec tor  was also studied. Even  
with 1/2" diameter  counter ,  the effect seems 
significant, and if necessary we can improve the 
resolution by using a p roper  cadmium mask, with 
a sacrifice in count ing efficiency of about  30%. 
Calculated values of the total resolut ion A e / e  are 
shown in fig. 3 as a function of energy  transfer  e, 
with partial contr ibut ions due to the finite 
thickness of detector ,  analyzer  and sample,  neu- 
tron pulse width f rom modera to r ,  and so on. 
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F ig .  3. T o t a l  a n d  p a r t i a l  e n e r g y  r e s o l u t i o n s .  

2. Measurements  

In order  to test the pe r fo rmance  of the spec- 
t rometer ,  the local vibration mode  of hydrogens  
in various metallic hydride samples has been 
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measured [1, 8, 11, 12]. In fig. 4(a) is shown a 
typical raw data of T O F  spectrum obtained f rom 
Till2 at room tempera ture  which demonstra tes  
the extremely low background level compared  to 
the results obtained at other laboratories• Even 
at the time corresponding to e = o% background 
is low enough to observe a small step increase in 
the spectrum. Fig. 4(b) shows the energy spec- 
t rum which demonstra tes  the higher resolution 
of the instrument• Higher  harmonics up to 5th 
order  are clearly observed with their fine struc- 
tures. It is obvious that the frequencies for 
higher harmonics are shifted by appreciable 
amounts  f rom the respective harmonic positions, 
and from these frequency shifts we can deter- 
mine the anharmonici ty parameters  of the 
hydrogen potential.  Z r H ~  and ZrH~93 have 

been measured and the results are shown in fig. 
5. In the fundamental  peak  of ZrH~93, there are 
two sub-peaks at about 138 and 145 meV with a 
shoulder at about 154 meV. The results are con- 
sistent with the repor ted values by Couch et al. 
[9]. There  exists a distinct difference between the 
fine structures of ZrH1.4~ (cubic) and those of 
ZrH~.93 (tetragonal), especially in the 2nd har- 
monics. 

Fig. 6 shows the energy spectra of Tall01 at 
room tempera ture  (a-phase)  and at 3 0 K  (fl- 
phase). At  room tempera ture  the fundamental  
peaks are fairly broad and the peak positions of 
the lower and the higher fundamentals  are 
l l 4 m e V  and 163meV, respectively• At low 
tempera ture  these peaks become very sharp, and 
considerable shift in the peak position occurrs; 
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(upper)  and  at 3 0 0  K ( lower) .  

the lower fundamental  is found at 121 m e V  with 
the line width of 7 m e V  (FWHM). The energy 
resolution of the instrument is 2 . 7 m e V  at e = 
120 meV,  then the intrinsic width of the peak is 
about 6.5 meV,  the higher fundamental  splits 
into two peaks at 159 and 165meV.  Hem-  
pelmann et al. [10] have measured Tall0.08 at 
77 K and fitted the unresolved higher fundamen- 
tal peak by two gaussians. Present result sup- 
ports their results with an experimental evidence.  
They also reported that second harmonics of the 
lower fundamental  was detected at 227 meV.  

We can observe a distinct peak of the second 
harmonics at about 220 m e V  in the energy spec- 
tra at low temperature. Small discrepancy in the 
peak position may be due to different tem- 
perature. Many peaks can be observed above 
this energy. Careful assignment of the peaks is 

under way. It may be noticed that no discrete 
level is observed beyond e - 7 0 0 m e V .  The 
results suggest that the barrier height of the 
hydrogen potential is about 7 0 0 m e V ,  which is 
consistent with the value of the proposed poten- 
tial by Sugimoto and Fukai [13]. 

If we consider a small anharmonic disturbance 
of 4(/4X , nth vibration level e,  relative to the 
ground state is given by 

e ,  = hoJon  +/3(n 2 + n) ( r t  = 1, 2 ,  3 . . . .  ) ,  ( 2 )  

where /3 =3h2ad2m~w~, mH is the hydrogen 
mass and w0 the harmonic frequency. 

In fig. 7 are plotted the measured values of e,  
(center of the nth peak) versus n for Till2. We 
have obtained anharmonicity parameter /3 of 
- 2 . 4 m e V  with hw0= 147 .6meV by fitting as 
shown in the figure. Corresponding values are 
also determined to be /3 = - 3 . 5  m e V  with hoJ0 = 
147 .3meV for ZrH1.41, and /3 = - l l m e V  with 
hw0 = 143.3 m e V  for Tall0.1 at 30 K. Present value 
of /3  for TaHoA (30 K) is larger than the reported 
value of 7.8 m e V  for Tall0.08 (77 K) [10]. The 
discrepancy suggests a temperature dependence  
of the anharmonicity. 

Note  that the anharmonicity for TaHo.~ at 30 K 
(bcc) is found to be somewhat  larger than for 
TiH2 (fcc) and ZrH1.41 (fcc). 
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Hydrogen wave functions in the metal hydrides ZrH, 
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Abstract. The hydrogen local vibrational modes of ZrH2 and Nb&., were observed by using 
a chopper neutron spectrometer coupled with a pulsed spallation neutron source. From the 
momentum transfer dependence of their modes, it was confirmed that the hydrogen wave 
functions for the first, second and third excited states in ZrH2 are completely harmonic, and 
found that those for E = 220 meV and E = 161 meV in NbHo are very different from simple 
harmonic, although that for the first excited state ( E  = 115 meV) seems to be harmonic. 

1. Introduction 

Measurements of the hydrogen vibrational local modes in metal hydrides [ 1-81 have 
provided important information about the hydrogen potential which strongly depends 
on the chemical and topological environments around a hydrogen atom. In the early 
investigations [5,6], the hydrogen potential was discussed simply in terms of an anhar- 
monic parameter, P. If the shape of the hydrogen potential, V(X),  in a given direction 
X is expressed as V(X)  = A 2 P  + A4X4,  the nth excitation energy, E,, can be approxi- 
mated as E, = nhw + P(n2 + n) ,  with w2 = 2A2/m and P = 3h2A4/4m2w2. The term 
A4X4 shifts the nth excitation energy relative to the harmonic energy, nhw, by the 
amount P(n2 + n). Therefore, the hydrogen potential can be classified according to the 
value of Pinto three types: harmonic ( P = 0), trumpet-like ( p < 0) and well-like ( P  > 0). 
In fact, detailed measurements of the local vibrational modes had been performed, and 
their anharmonic parameters determined, for example, the @-values of TiH, and ZrH, 
were almost zero (harmonic); the p-values of NbH0,31 and TaHo,l were determined 
to be -5 meV and -11 meV, respectively (trumpet-like); the p-value of VH0.33 was 
determined to be +11 meV (well-like) [8]. Recently, a more exact approach for metal 
hydrides NbH and TaH has been taken, assuming that the hydrogen motion is like a 
three-dimensional (3D) anharmonic oscillator, where the x ,  y and z motions of the 
hydrogen are no longer decoupled [7]. A similar approach with some modifications has 
been applied to NbH0,31 and VH0.33, in order to extract the parameters of their hydrogen 
potentials using the measured excitation energies of the local modes [8]. From this 

0953-8984/90/214675 + 10 $03.50 @ 1990 IOP Publishing Ltd 4675 
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Figure 1. T and 0 sites in NbHo,3 (a) and a two-dimensional display of the hydrogen potential 
proposed in [8] (b). 

approach, it was found that the ground state and the first excited state in NbH0,3 can be 
approximately described as harmonic [8]. The hydrogen potential, V(x, y ,  z ) ,  for NbHo,3 
was also derived as 
V(x, y ,  z )  = mw2x2/2 + mw,2y2/2 + m ~ 5 ~ / 2  + ez(x2  - y 2 )  + f x 2 y 2  

where hw, = 147 meV, iiwz = 130 meV, e = 1.246 eV A-4, f = 30.77 eV A-4, g = 
-4.23 eV c,, = 1.373 eV k4, c,, = -3.807 eV k4 and c 6 z  = 2.272 eV A-6. 
However, there were a few assumptions made in this approach: that the potential also 
has minima at the T2 and T3 sites in NbHo,3 (see figure 1); that the calculations are 
performed only considering diagonal terms; and that the wave function can be described 
by linear combinations of harmonic functions. If the actual hydrogen wave functions of 
the ground and excited states are, for example, extremely different from harmonic 
functions, the previous approach should be improved. It is, therefore, required to 
confirm the proposed potential and wave functions by using other approaches. 

The aim of the present work was to observe the momentum transfer dependence (Q- 
dependence) of local vibrational mode intensities in NbHo,3 and ZrH2, and to derive 
the wave functions directly. In the case of an excitation energy S kT, without any 
contribution from the host metal vibration, the inelastic neutron scattering intensity of 
the local modes of a powder sample, I ( Q ,  E , ) ,  is given by the transition probability from 
the initial state (GO(*, exp(iki a x ) )  to the final state (@,(X), exp(ikf . X ) ) ,  where 
exp(iki X )  and exp(ikf * X )  are the wave functions of the incident and scattered neutrons, 
respectively. @&) is the wave function of the ground state and @&) is that of an excited 
state with a transition energy from the ground state of E , .  Since the interaction between 
a neutron and the hydrogen nucleus is given by a constant value (= Vo), I( Q, E , )  can be 
expressed as 

-k g ( X 2  -k y2)Z2  + c4x(X4 y 4 )  C4rZ4 f c6zi‘6 

and 

P(Q, E , )  = E( 1 ]@@(X) e x ~ ( i Q  - X ) @ o ( X )  d x l ’ )  (1) 
v 

where Q = ki - kf and A = No@. NO is the number of hydrogen nuclei in a sample. ( ) 
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indicates averaging over the angle between Q and the direction of motion of the hydro- 
gen. It should be noted that Z(Q, E , )  is explicitly expressed in terms of the wave functions 
of the hydrogen. Therefore, measurements of Z(Q, E,)  make possible a direct inves- 
tigation of the wave functions. In the following sections we report on measurements of 
I( Q ,  E,) for ZrH2 and NbHo,3, and applications of (1) for estimating their wave functions. 

2. Measurements 

Experiments were performed using the chopper neutron spectrometer HET at the 
Rutherford Appleton Laboratory. In the chopper spectrometer, the incident energy Ei 
was fixed and the final energy Ef was determined by the time of flight of the scattered 
neutrons. The energy transfer ( E )  and momentum transfer (fie) at a scattering angle of 
8 were obtained from 

E = Ei - E f  h2Q2 = Ei + Ef -  COS(^). (2) 

In the HET, 10 detector banks were installed in the small-angle region, 3" < 8 < 7", and 
25 detector banks were set up in the large-angle region, 10" < 8 < 30". Therefore, in 
one experiment we could measure Z(Q, E,) ( n  = 1,2,  . . . ) for 35 different values of Q. 
A powder sample of ZrH, was packed into many small holes, each with diameter 1 mm, 
in a boron nitride plate with 1 mm thickness (area 50 x 50 mm2), in order to reduce 
multiple scattering, and fixed in aluminium sample holders. The sample holder was 
cooled down to about 20 K. A powder sample of NbHo,3 was also packed into holes, 
each with a diameter of 3 mm. The incident energy used in both measurements was 
about 630 meV. Each neutron scattering spectrum of ZrH, and NbHo,3 was obtained by 
subtracting the scattering from the sample holder, including the boron nitride plate, 
and normalised using the vanadium scattering intensity. Here no multiple-scattering 
correction was made. 

Figure 2 shows local mode spectra of ZrH2 observed in both the small-angle and 
large-angle regions. The first, second and third excitations were observed at about 147, 
294,441 meV, respectively, consistently with previous measurements [8]. Figure 3 shows 
typical spectra summed over the small-angle ( a )  and large-angle (b )  regions. In this 
figure, it is clear that the intensities of the local modes become larger at larger angles (i.e. 
for higher Q). The neutron scattering intensity Z(Q, E , )  can be given by (ki/kf)i(Q, E , ) /  
q(Ef), where i (Q,  E , )  is the observed intensity of the local mode and r(Ef) the detector 
efficiency. In order to achieve good statistics, the spectra observed at the two detector 
banks were summed, and the i(Q, E , )  ( n  = 1,2,3) were obtained by integrating the 
intensity of each local mode around the peak. Figure 4 shows the measured Z(Q, E , )  for 
ZrH2. Here, the Q are calculated from (2) using the centre energies of the peaks and the 
centre angles of the detector banks. (Note that the scattering intensities for different 
energy levels, Z(Q, E , ) ,  as shown in figure 4 are plotted on the same scale although the 
figure is given in arbitrary units.) In the case of NbHo,3, the local mode spectrum was 
obtained by summing over 10 detector banks in the small-angle region and by summing 
over 5 detector banks in the large-angle region. Figure 5 shows typical raw data obtained 
by this method. One can see three peaks at 115,160 and 220 meV, which correspond to 
the first excitation of the z motion, that of the x and y motions and the second excitation 
of the z motion. The I(  Q ,  E,) of NbHo,3 were obtained by fitting their peaks to Gaussians 
(see figure 5 ) ,  and are shown in figure 6 .  
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Figure 2. Neutron scattering spectra of ZrHz obtained from a chopper spectrometer. The 10 
spectra on the left-hand side of the figure were observed in the small-angle region, and the 
others were observed in the large-angle region. 
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3. Discussion 

Figure 3. Typical spectra of ZrH, obtained at 
small andlarge angles. (a) Spectrumsummedover 
the region 3" < B < 10". ( b )  Spectrum summed 
over the region 27" < 8 < 30". 

At the start of the present approach, we can confirm that the Q-dependence of the local 
modes observed using the neutron scattering spectrometer HET can be completely 
described by (1). We selected a powder sample of ZrH, as the standard sample to be 
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Figure 4. The neutron scattering intensity Z(Q, E,) of ZrH2. Closed circles, open circles and 
open squares show observed values of I (Q,  E,)  for E = 247,294 and 441 meV, respectively. 
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Figure5 Typical spectra of NbHo at small 
and large angles. (a) Spectrum summed 
over the region 3" < 0 < 10". (b)  Spectrum 
summed over the region 27" < 6 < 30". 
Full and broken curves indicate the results 
of the fitting. 

used in this approach. Since the anharmonic parameter /3 of ZrH2 is almost zero and no 
large split in the peaks at E = 147,294 and 441 meV has been observed, the hydrogen 
motion in ZrHz can be considered as being an isotropic harmonic oscillator. Therefore, 
the hydrogen wave functions are described as being of harmonic type, q5ijk(X) = 
Yi(w,, x)Yj(o,, y ) Y k ( o z ,  z ) ,  with a normal vibration of hw (=ho, = hw, = no,) = 
147 meV [8]. In such a simple case, one can easily calculate Ph(Q, E,). The suffix h 
indicates that P ( Q ,  E,) in (1) is calculated using harmonic wave functions. Since the 
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Figure 6. The neutron scattering intensity I (Q,  E,) of NbHo.3. Closed circles, open squares 
andopencirclesshowobservedvaluesofl(Q, E,) for E = 115,161 and220 meV,respectively. 

peaks observed at E = 147, 294 and 441 meV are considered to correspond to the 
transitions from the ground state to i + j + k = 1 , 2  and 3 states, the Q-dependence of 
local modes, I(Q, E , ) ,  can be obtained asAzrPh(Q, E , ) ,  whereAZr is a constant for this 
ZrH2 sample. The Ph(Q, E,)  (n  = 1,2,3) are derived from (1) as follows: 

= 147 meV) = (Q*2/2) e ~ p ( - Q * ~ / 2 )  P h ( Q ,  

P h ( Q ,  = 294meV) = (Q*4/8) e ~ p ( - Q * ~ / 2 )  (3) 

Ph (Q,  = 441 meV) = (Q*6/48) e ~ p ( - Q * ~ / 2 )  

where Q* = Q/LY and LY = v/mo/h. It is remarkable that the Q-dependence of the 
transition probability for the isotropic harmonic oscillator can be scaled by l/a. The 
three full curves in figure 4 indicate AzrPh(Q, E,)  (n  = 1,2 ,3)  calculated with hw = 
147 meV [8] and AZr = 12.5. The consistency between the measured and calculated 
values is very good. This result makes clear that the wave functions for the first, second 
and third excited states in ZrH2 are perfectly harmonic, and strongly indicates that the 
wave function can be directly investigated by measurements of I(Q, E , ) .  

Let us apply this approach to a more general system: NbHo,3. In this case, the three 
peaksobserved at 115,161 and220 meVcorrespondtothe first excitationofthezmotion, 
that of the x and y motion, and the second excitation of the z motion, respectively. The 
results of the previous approach [8] have suggested that the wave functions of the ground 
and excited states can be approximately expressed using harmonic forms, #ijk(X) = 
Yi(ox, x ) Y j ( w x ,  y)Yk(wZ, z ) ,  with two kinds of normal vibration: hwz = 130 meV and 
hco, ( = h w y )  = 147 meV [8]. From (1) we can also derive Ph(Q, E,) for the first, second 
and third excitations of the z motion, and the first excitation of x and y motion. These 
are Ph(Q, E I , ~ ) ,  Ph(Q, ~ 2 , z ) ,  Ph(Q, & 3 , z )  and ph(Q, ~ i , x , y ) :  

Ph(Q, E I , ~ )  = (Q2/2aZ) exp(-A)HIo(~) + I i ( r>)  

Ph(Q,  ~ i , x , y )  = (Q2/2af) ~XP(-A)(IO(Y) - II(Y)) 

Ph(Q,  E Z , ~ )  = (Q4/8a4,) ~ X P ( A ) W O ( Y )  + 2 1 i ( ~ )  + ~ I Z ( Y > )  
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- ( 4 / 4  exp(-y)B(#, s>lF,(#; 3; 2Y)) (4) 

where a, = v s ,  a, = V‘-, y = Q2(4aS - 4a:) and A = Q2(4af + *a:). 
ZJx) ( n  = 0, 1, . . . ) is a modified Bessel function, ,F1 a hypergeometric function and B 
a B-function. In the previous study [8], it was concluded that the wave functions for the 
ground and first excited state of the z motion ( E  = 115 meV) are almost harmonic. 
Therefore, we calculated ANbPh(Q, E ~ , , ) ,  using hw, = 130 m e v  and hw, (=hwy) = 
147 meV obtained in a previous work [8]. The results are shown by a full curve in figure 
6 .  Here, ANb was 36. The consistency between the measured and calculated values is 
fairly good. This means that the ground state and the first excited state of the z motion 
should be represented by harmonic functions. This is perfectly consistent with the 
previous result [8]. ANbPh(Q, E ~ , , , ~ )  and A ~ ~ P ~ ( Q ,  E ~ , ~ )  were also calculated using the 
same values of tiw, ( =hwy), hw, and A,,. These results are shown as full curves in figure 
6. There is a clear difference between the calculated and measured values. This means 
that the wave functions of the excited states are very different from the ‘normal’harmonic 
ones. In order to determine the difference, 0.92ANbPh(Q, E ~ , , , ~ )  and 0.47A,bPh(Q7 ~ 2 , ~ )  

were plotted and are shown in figure 6 as a dotted curve and a broken curve, respectively. 
The consistency between the modified lines and the measured values is good. This result 
can be explained well if the wave functions of the second excited state of the z motion 
and the first excited state of the x ( y )  motion are ‘small’ harmonic functions with two 
normal frequencies of hw, (=nuy) = 147 meV and hw, = 130 meV, but with small 
amplitudes. In the previous study [8], the hydrogen potential of NbHo,3 was classified as 
a trumpet-like potential and numerically estimated as V(x,  y ,  z )  (see figure 1). The 
estimated potential V(0, 0 , z )  is displayed with the energy levels of the ground and 
excited states in figure 7. This figure indicates that the potential deforms at a height of 
about 350 meV (from the bottom) and that excited states higher than E = 161 meV exist 
above 350 meV although the ground state and the first excited state with E = 115 meV 
exist below. Moreover, figure 1 shows that there are saddle points with a height of about 
350 meV (from the bottom) between the TI site and the other T sites. It is, therefore, 
expected that the hydrogen waves for the excited states at energies higher than E = 
161 meV can ‘escape’ from the T I  site to the T2 and T3 sites or, at least, change from 
being harmonic. Assuming a linear combination of one-dimensional harmonic wave 
functions, q i ( x )  = p Y i ( w ,  x )  + qYi (w ,  x - a) ,  we will calculate the Q-dependence of 

Here, p 2  + q2 = 1 and a is the distance between T sites. P,(Q) is expressed as 

= P,(normal)[p2 + q2(1 + a4a2/Q2)  exp( -a2a2/2) 

+ 2pq(cos(aQ/2) - a2a/Q sin(aQ/2)) exp( - a2a2/4)] 
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Figure7. The hydrogen potential andexcitedlevel 
in NbH, S. The full lines of the energy levels indi- 
catethegroundstate(& = 0)andtheexcitedstates 
of the z motion ( E  = 115 and 220 meV), and the 
broken line the excited state of x (y) motion ( E  = 
161 meV). 

Figure 8. Hydrogen wave functions in NbH, 3. (a) 
ground state; (b)  excited state of E = 115 meV; 
( c )  excited state of E = 161 meV; ( d )  excited state 
of E = 220 meV. 

where a = m. Pl(normal) is Q2/2a2 exp(-Q2/2a2), which is the transition prob- 
ability of a normal harmonic oscillator without ‘escape’. If a = 1.155 8, and fio = 
130 meV (in the case of NbHo,3), Pl(Q) can be approximated as 

Pl(Q) = Pl(normal)p2(1 + 0(10-’)) (for Q > 1 A-1). (6) 
Generally, a relation similar to (6) can be obtained for Pi(Q) (i = 2,3, . . . . ). It indicates 
that the probability of transition to an excited state, q i ( x )  = pYi(o,  x )  + qYi(o, x - a) ,  
has a Q-dependence analogous to that of the normal case, although the amplitude is 
decreased by a factor p2. This feature is just that of I(Q, E = 160 meV) and Z(Q, E = 
220 meV) observed for NbHo.,. It may therefore be reasonable to define the excited 
states due to E = 160 and 220meV, qt(X) (and q{(X)) and q$(X), by 
p@&) + qGijk(X - X, )  + qGVk(X - X,), where p2 + 2q2 = 1 and X2 and X ,  are the 
coordinates of the T, and T3 sites. Since the values obtained for p2 for E = 160 and 
220 meV are 0.92 and 0.47, respectively, their wave functions should be described as 

and 
qt(11) = 0.96@im(X) + 0.2@100(x-xz) +0~2@~oo(X-x3)  

V $ ( X )  =0.69@00z(x) +0.51@002(X-x2) +0.51@00z(X-x3) (7) 
where @ijk(X) = yli(mx, x ) y j ( m y ,  ~)W,(oz, 21, @ijk(X- XZ) = y i ( m x ,  2 - b ) y j ( o y ,  Y )  
Y k ( m z ,  x - b)  and c$ijk(X - X,) = Y i ( w x ,  - z  - b)Yj (wy ,  y)Yk(oz, -x  - b). 
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Here, 6 is 0.825 A. The proposed hydrogen wave functions on the x = 0 plane are 
shown in figure 8. From these proposed wave functions, the same values as for the dotted 
and broken curves shown in figure 6 can also be obtained. These results indicate that it 
is possible to propose (7)  as the wave function for E = 161 and 220 meV. Note that the 
value of p in rp;(X) is approximately 1. That the wave function for E = 161 meV is 
approximately harmonic is not so very different from the previous result [8]. Sugimoto 
and Fukai [9] assumed a double Born-Mayer potential and calculated the wave functions 
for the ground and excited states (Yo, Y; and Y i  in [9]) by the method of Kimball and 
Shortley [lo]. Their results (figure 3(a) and (6) in [9]) also show that the small portion 
of the hydrogen wave corresponding to E = 161 meV exists at the neighbouring pair of 
T sites, although the ground state and the first excited state corresponding to E = 
115 meV are completely localised at the original T site. The feature of ‘escape’ at E = 
161 meV estimated by the present measurement corresponds to their result very well. 

Since the wave functions for E = 220 meV, unfortunately, have not been explicitly 
discussed, we cannot here compare our result with the others. Note that the wave 
functions for E = 220 meV are still not identified exactly by the present measurements. 
For example, if rp,4(X) is given by a ‘mixture’ state r@oo2(X) + S @ ~ ~ ( X ) ,  Z(Q, E ,  = 
220 meV) should be expressed as r2AN,Ph(Q, E ~ , ~ )  + s2ANbPh(Q, ~ 3 , ~ ) ,  where r2 + s2 = 
1. The chain curve in figure 6 shows calculated values for the case where r2 = 0.3. In 
order to identify it exactly, one must observe the Q-dependence in a wider Q-range, for 
example, 1 < Q < 12 A-’ (see figure 6). However, the present measurement at least 
suggests that the wave function for E = 220 meV is very different from the simple 
harmonic wave function, and that it should be calculated by a more exact method. 

Generally, if one wants to obtain exact wave functions from the local mode spectrum, 
one must observe many local mode peaks, assume a very complicated potential with 
many parameters and calculate the energy levels with a large linear combination of the 
harmonic wave functions. Since the wave functions are indirectly determined under the 
many assumptions used in this procedure, it seems difficult to investigate their exact 
features. In principle, our present approach makes a direct investigation of the wave 
function possible. This point is a big advantage and the best use of this may be in 
ascertaining whether the wave functions proposed on the basis of other experimental 
results and theories are appropriate or not. 

In this paper we reported on the Q-dependence of local modes, confirmed that the 
hydrogen wave functions for the first, second and third excited states in ZrH2 are 
completely harmonic, and proposed for the first time the wave functions due to the 
higher excited state of NbHo.3. Our results suggest that the measurement of the Q- 
dependence is very useful for confirmation or estimation of wave functions. 
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ABSTRACT

A study of cubic dihydrides TiH 2 and ZrH2 and of H in cubic Laves-phase compounds by means
of ab-initio total-energy calculations in the local density-functional approximation is presented.
First, for optic vibrational modes in the two dihydrides the calculated local potentials and excitation
energies are compared to experimental results obtained by inelastic neutron scattering. Second,
the relative stabilities of H on three types of interstitial sites in the cubic Laves-phase compounds,
denoted by b, e and g, are investigated. Theoretically, a preference of g sites is found for M=V, Cr,
and of e sites for M=Fe, Co. These results are discussed with respect to experimental observations
and to empirical criteria for H accomodation in transition-metal compounds.

INTRODUCTION

The quantitative determination of occupied interstitial sites and excitation spectra with corre-
sponding potentials for vibrations of light particles like hydrogen isotopes absorbed in metal lattices
has been a topic of research for many years. (For reviews on metal-hydrogen systems we refer to
the books [1], [2] and [3].) Experimentally, most informations were obtained via inelastic neutron
scattering (INS) techniques, in which the excitation energies for transitions from the vibrational
ground state (zero-point motion) to excited states can be measured directly (see, e.g., ch. 3 in [2],
vol. II). The shapes of the local potential wells were usually determined from the measured exci-
tation energies under the assumption that the vibrations are only weakly anharmonic and, hence,
can be treated via first-order perturbation theory (see, e.g., ch. 4 in [3]).

The quantitative theoretical prediction of the vibrational potentials and the resulting quantum
states for H isotopes in metals without the assumption of weak anharmonicity is now possible by
means of ab-initio total-energy calculations based on the local-density-functional theory [4]. For
instance, Ho et al. [5] have calculated the vibrational spectra of H in body-centered cubic (bcc) Nb
with excitation energies in very good agreement with INS data. Similar calculations for H states
in face-centered cubic (fcc) Pd were done by Elsisser et al. [6]. They found that the vibrations
can be strongly anharmonic and anisotropic, and they demonstrated the limitations of the common
practice of perturbation theory to obtain informations about the potential shapes from INS spectra.
Their prediction of a noticeable threefold splitting of the second excited state because of strong
anharmonicity and anisotropy, for which there was no evidence in the INS data available then, has
been confirmed in a more recent INS experiment [7].

Based on these two paradigmatic metal hydrides, NbH and PdH, a systematic investigation
of vibrational quantum states of H isotopes in transition metals (hexagonal close-packed (hcp) Zr
and Ti; bcc Nb, Cr and ce - Fe; fcc Pd, Ni and -y - Fe) and intermetallic compounds (FeTi
and NiTi) [8] using an ab-initio mixed-basis pseudopotential method [9] has led to a quantitative
microscopic insight into the local interstitial H environments through the transition-metal series.
In the present contribution, after a short outline of the computational method, results of ab-initio
calculations for vibrational states of protons in the cubic dihydrides ZrH2 and Till2 are presented
as one example. As a second example the occupation of intersitital sites by protons in the cubic
Laves-phase compounds ZrM2H 1 /2 , with M=V, Cr, Fe, Co, is discussed [10].
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COMPUTATIONAL METHOD

The calculation of quantum-mechanical states of a transition-metal-hydrogen system can be
decoupled into three steps because of large mass differences between the three constituents, i.e.
light electrons, H nuclei and heavy metal ions (Born-Oppenheimer approximation).

In the first step, total energies are calculated with the metal ions and the H nuclei placed
and fixed at specific positions in the unit cell of a crystal. The electronic structure of the (va-
lence) electrons is calculated using the local density-functional approximation [4]. The interactions
between the metal ions and the electrons are incorporated by non-local norm-conserving ionic pseu-
dopotentials [11]. A local pseudopotential is used for the interaction of the electrons with the H
nuclei [6]. Perfect translational symmetry of the crystals is assumed by using Born-von-Kirmin
boundary conditions, and the Bloch electron states are represented by a mixed basis set [9] con-
taining a limited but for the considered properties sufficiently large number of plane waves and
a few atom-centered functions constructed from atomic pseudowavefunctions and strictly confined
to muffin-tin spheres. Integrals over the electron Brillouin zone are calculated by sampling and
Gaussian broadening [12]. In the second step, quantum states of the H nuclei in the electron gas
and the rigid lattice of metal ions are calculated. With a choice of crystal unit cells in the first step,
which describe frozen displacements of the H and metal sublattices relative to each other according
to normal modes of the crystal, this problem reduces to solutions of a single-particle Schr6dinger
equation. The "particles" move in Born-Oppenheimer or "adiabatic" potentials, which are mapped
out by the total energies from the first step [5]. These vibrations belong to optic modes at the
center of the phonon Brillouin zone (F point). For the third step, at the F point acoustic vibrations
of the crystal have zero energy (rigid-body translations) and thus require no further computation.

It is essential to map out accurately the adiabatic potentials by ab-initio total-energy calcu-
lations for sufficiently many different H positions in the unit cell (e.g. 51 for ZrH2 and 162 for
ZrFe2 H 1/2).

HYDROGEN IN CUBIC DIHYDRIDES

By loading with hydrogen the fcc transition metals Pd and Ni can form stoichiometric mono-
hydrides, PdH and NiH, where all octahedral interstitial sites of the fcc metal lattices are filled
with H atoms (cf. the NaCl structure). The hcp transition metals Ti, Zr and Hf, on the other
hand, can be converted to stoichiometric dihydrides, Till2 , ZrH2 and HfH2, with fcc lattices, in
which all tetrahedral interstitial sites are occupied by H atoms (cf. the CaF2 structure).

Experimentally, Ikeda et al. [13] measured excitation spectra of H vibrations in cubic TiH 2 and
ZrH1 4 1 as well as in tetragonally distorted ZrH,.93 by means of inelastic neutron scattering (INS)
over an energy range of 1 eV with a relative energy resolution of about 2 % . These INS spectra
are quantitatively very similar and exhibit up to five distinct lines. The lines are spaced almost
equidistantly in energy, like for a particle in a harmonic potential well, and the spaces become
slightly smaller towards higher energies because of a weak anharmonicity.

Theoretically, in the present work [8] the vibrational H states were calculated for the norma]
modes at the F point of the phonon Brillouin zone of fcc dihydrides. Besides the rigid-body
translations of the crystal, the three acoustic F modes, there are six optic modes because of th(
three atoms per formula unit. In one set of three optic modes the two H sublattices move in phasn
relative to the metal sublattice. The corresponding adiabatic potential has the symmetry of
simple cubic (sc) lattice with half of the lattice constant of the fcc metal lattice (called "sc" mode,
in the following). In the other set of three optic modes the two H sublattices move in antiphasi
relative to the metal sublattice at rest, leading to an adiabatic potential with fcc symmetry an(
the same lattice constant as the metal sublattice (called "fcc" modes).
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The adiabatic potentials, i.e. ab-initio total energies as function of H sublattice displacements
8 from the tetrahedral positions of the metal sublattice along high-symmetry directions in the cubic
crystal according to the two optic modes in ZrH 2 (whose calculated lattice constant is a=4.79A)
are displayed in figure 1. (The corresponding curves for TiH2 , with a=4.38A, are quantitatively
very similar.) For small relative displacements 6/a the adiabatic potential curves of both optic
modes nearly coincide and form local potential wells with almost isotropic and harmonic shapes.
Anharmonicity and anisotropy become obvious for energies above 0.3 eV.

Figure 1: Adiabatic potentials for both
5 types of optic F modes of ZrH 2 : Energy

, sc change E as function of relative displace-
0010 Z < 11> ments 6/a (a=4.79A is the equilibrium

4 I lattice constant). For 8=0 both H sublat-
tices are located at tetrahedral sites T of

.10  the fcc Zr lattice. The ab-initio data are
3 umarked by black symbols and connected

by cubic spline curves: circles and solid
, ,/ lines for the fcc modes, squares and bro-

2 <110>0 ken lines for the sc modes. < ... > denote
directions in a cubic crystal. The sub-
scripts T and 0 mark directions passing

1 S,,, through tetrahedral or octahedral sites,

<111> respectively. The superscript sc indicates

0 T the two directions of the sc modes. Left

0 04at J=V'3/4 both H sublattices come to-
0.4 0.3 0.2 0.1 0.0 0.1 0.2 0.3 gether at an octahedral site 0. S111 and

8/a S110 mark saddle points in the adiabatic
potentials.

Vibrational H states were calculated by solving a single-particle Schr6dinger equation for H
isotopes moving in the two adiabatic potentials. The resulting excitation energies for protons in
ZrH 2 are displayed in figure 2. (Again the results for TiH 2 are almost the same.) For better
comparison with the INS spectra, densities of states (DOS) were formed from the discrete F-point
energy levels -, by broadening with Gaussians, whose width A, was chosen to be A,/E,=2% to
mimic the energy resolution of an INS spectrometer [13]. The positions of the peak maxima can be
compared to those in the measured INS spectra. (The calculated peak heights and experimental
intensities, however, should not be compared directly because transition matrix elements between
different states were not included in the calculated DOS.) In the INS experiment both types of optic
modes are excited, and in general a vibration is a superposition of the two modes. Consequently
the INS spectra can be imagined as being formed from a superposition of both DOS. The sharpness
of the INS peaks may be attributed to the sc modes, and some fine structures to the fcc modes
(except for a tetragonal splitting in the case of ZrH1 .93 [13]).

In table 1 the peak-maximum positions of the sc modes and of the INS spectra are compared
for ZrH2 and Till2 . The quantitative agreement between experiment and theory is very good
for the lowest excitation. The almost equidistant spacing due to the nearly harmonic potential is
also well reproduced. The influence of the weak anharmonicity, however, leads to slightly smaller
intervals between the higher excitation lines in the INS spectra, whereas in the DOS the intervals are
increasing, but by a smaller amount. This can partly be attributed to the numerical representation
of the adiabatic potential and the solution of the Schr6dinger equation in a plane-wave basis. Part of
the deviation may also be due to the fact that in the INS experiment the intensity decreases strongly
with energy, and the peak maxima become less sharp. Within these considerations, however, it can
be stated that both ab-initio theory and INS experiment yield the same microscopic picture: The
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lowest six excited H vibrational states originate from almost harmonic and isotropic local potential
wells in the cubic dihydrides. This behaviour is different from the case of cubic monohydrides like
PdH and NiH, where strong anharmonicities and anisotropies are noticeable for the lowest two
excitation states [6,8].

200 400
, [meV]

Figure 2: Densities of states of
vibrations for protons in ZrH2 ,
formed by broadening the calculated
discrete energy levels E., with Gaus-
sians of relative width A,,/sE,=2%
(a) sc modes; (b) fcc modes.

Table 1: Comparison of the energies
of the line maxima, as multiples of
the first excitation energy, in the
calculated DOS of sc-modes and in
the measured INS spectra of ZrH2
and TiH 2 (energies in meV; the ex-
perimental data were obtained from
equation (2) in [13], with parame-

600 800 1000 ters for the harmonic frequency and
the anharmonicity quoted there).

ZrH 2  ZrH1 .4 1  TiH2  TiH2
line sc modes INS [13] sc modes INS [13]

1 140 140 148 143
2 281; 2.141 274; 2.137 298; 2.149 281; 2.141
3 426; 3.142 400; 3.133 450; 3"150 414; 3.138
4 571; 4.143 519; 4.130 604i 4.151 542; 4.136
5 718; 5.144 632; 5.126 759; 5.152 666- 5"133

HYDROGEN IN CUBIC LAVES PHASES

Cubic Laves phases are binary intermetallic compounds AB 2 with a fcc Bravais lattice and an
atomic basis of two species, where atoms of species A are located on a sublattice with diamond
structure, i.e. the regular fcc-lattice sites and one of the two tetrahedral-site sublattices. Each four
atoms of species B form regular tetrahedra centered at the other tetrahedral-site sublattice. Within
this structure there are three types of interstitial sites, which can be occupied by H isotopes (see,
e.g., ch. 4 in [2], vol. I): The b sites are formed by B4 tetrahedra, the e sites by AB 3 and the g
sites by A2 B2 . Per formula unit there are one b, four e and twelve g sites. All these sites constitute
a complex network for hydrogen diffusion.

In this work [10] cubic Laves phases with A=Zr and a series B=V, Cr, Fe, Co are investigated.
The compounds ZrV2 and ZrCr 2 are able to accomodate considerable amounts of H, e.g. up to
ZrV2H6, and rather detailed experimental informations are available for these model systems of H
storage materials. For instance, H occupies the g sites [14], whereas the b sites can be excluded
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because of its much smaller local volume. Also no evidence for e-site occupations was found.
Empirical rules were formulated to rationalize these observations (see, e.g. [15,16]). The "chemical"
criterion states that sites surrounded by as much Zr as possible are preferred because pure Zr forms
more stable hydrides than pure V, Cr, Fe or Co. According to the "geometrical" criterion the
interstitial site with the largest local volume is preferred. These rules as well as empirical heat-of-
solution calculations [17] lead to the general expectation that g sites should always be preferred in
ZrM2 Laves phases.

The compounds ZrFe2 and ZrCo2 absorb less amounts of H, e.g. ZrFe2 H1 /2 , and hence are
not very relevant materials for H storage. Scientifically, however, studies of these materials are
important because neutron diffraction experiments on hydrogenated ZrFe2 by Rudnev et al. [18]
gave evidence that e instead of g sites are occupied by H. This result, which is in contradiction
to all experience and empirical rules for Laves-phase hydrides ZrM2 H.,, is commonly considered
suspect [17] and thus deserves further clarification.

The topic of our work is an investigation of energy differences between the three sites for H
in the series of Laves-phase compounds via ab-initio total-energy calculations for the formula unit
ZrM2 H 1/ 2 , with one H atom per fcc unit cell. In the calculations structural relaxations were
included in several steps, starting from the H atom located at the geometrical center of each one
of the three sites in the ideal lattice of ZrM2 , and ending with the unit-cell volume and with all
atomic positions fully relaxed. Zero-point energies of H at the three sites in ZrCr 2 and ZrFe2
were obtained by calculating vibrational H states in adiabatic potentials of optic F modes of the
H sublattice in the same manner as for the dihydrides in the previous section.

The first result, in accordance with all previous experience, is that b-site occupations can be
ruled out because of considerably higher (potential-minimum + zero-point) energies of proton states
centered at b sites. For the other two sites, it turned out that in volume-relaxed unit cells the g
site is energetically preferred over the e site, as expected, by 0.34 eV and 0.31 eV in ZrV2 and
ZrCr2 , respectively. In ZrFe2 and ZrCo2 , however, the e sites were found to be energetically
lower than the g sites by 0.15 eV. Despite all further effects of relaxation and zero-point motion for

ZrFe2H 1/2, the g-e energy difference remained at 0.11 eV in favour of the e site, giving theoretical
support to the experimental observation of Rudnev et al. [18].

To understand this behaviour a detailed analysis of the atomic and electronic structures was
deemed necessary [10]. In the ZrM2 series with M from V to Co the local interstitial-site volumes
shrink, but by H addition the crystal cohesion becomes stronger. For M=V, Cr the metal atoms
Zr and M have similar valence-electron structures. Hence the type of neighboring atoms to an
interstitial site is not so important. The decisive feature here is the local volume, and this makes
the g sites most preferable. For M=Fe, Co the Zr and M atoms have more different electron
configurations. First, Fe and Co are more electronegative than Zr. This leads to greater delo-
calization of Zr-centered electron states, and the Zr atoms loose some attraction to H. Second,
because of the higher number of valence electrons, antibonding d orbitals are additionally filled
in ZrFe2 and ZrCo2 . Some depletion of these antibonding states of M-M pairs by the addition
of H makes the strengthening of the crystal cohesion plausible. A larger number of neighboring
M-M pairs from which antibonding electrons can be taken to screen the H atom, seems to be more
important than the smaller local volume. This is further supported by the result that the energetic
separation in the adiabatic potential between the b site with four surrounding M atoms and the g
site with two M atoms is reduced from 1.25 eV in ZrCr 2H 1/2 to 0.58 eV in ZrFe2 H1 /2 . But the b
site is so small that here electronic effects are not yet sufficient to overcome the volume constraint.

Altogether, our ab-initio study shows that a change of the most stable interstitial site for H in
cubic Laves-phase compounds may happen from the g site in ZrCr2 to the e site in ZrFe2 . The
results of total-energy calculations can be rationalized by changes in the electronic structure. They
support the experimental observation of Rudnev et al. [18] for H in ZrFe2 and predict the same
behaviour for ZrCo2.
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SUMMARY

In the present contribution the capability of ab-initio total-energy techniques for studies of mi-
croscopic structural and vibrational properties of metal-hydrogen compounds has been illustrated
by two examples. In the first example vibrational quantum states of protons in transition-metal di-
hydrides were calculated, giving excitation energies, which agree well with INS spectra, and detailed
information about the shape of the underlying local vibrational potentials. In the second example
significant differences in the interstitial-site preference of H in cubic Laves-phase compounds were
found, which may help to reconsider the ranges of validity of commonly used empirical rules.
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Neutron-scattering study of the impulse approximation in ZrH2
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We report inelastic-neutron-scattering measurements of the neutron Compton profile,J(y) in polycrystalline
ZrH2 over a range of momentum transfers between 35 and 109 Å21. The measurements were performed using
an inverse geometry spectrometer at a pulsed-spallation neutron source. The experimental results are compared
with simulations calculated from a measurement of the density of states of the hydrogen vibrations in ZrH2.
Deviations from impulse approximation~IA! scattering and a form of the IA proposed by Stringari have been
investigated. The deviations are manifest as both an asymmetry and a shift in centroid ofJ(y). Both effects
become less significant as the momentum transfer is increased and the IA limit is approached. At high mo-
mentum transfers the symmetrization procedure of Sears successfully removes final-state effects from these
data. We conclude that the neutron Compton scattering technique can provide accurate information about the
behavior of tightly bound proton systems such as ZrH2.

I. INTRODUCTION

In recent years neutron Compton scattering~NCS!or deep
inelastic neutron scattering~DINS! has become established
as a technique for probing directly the momentum distribu-
tion of atoms in a variety of condensed matter systems. The
technique was suggested by Hohenberg and Platzmann1 al-
most 30 years ago and is analogous to the measurement of
electron momentum by Compton scattering.2 As with Comp-
ton scattering, the interpretation is based on the validity of
the impulse approximation~IA! which is exact when both the
energy and momentum transferred to the target atom are
infinite.3 Deviations of the dynamic scattering function from
that derived under the IA occur at finite values of the mo-
mentum transferq. Those arising as a consequence of the
scattered neutron interacting with neighboring atoms are
known as final-state effects~FSE’s!while those arising from
the bound state of the atom are known as initial-state effects
~ISE’s!.4 The question of when the IA may be deemed valid
is still a matter of contention. A number of theories have
been developed for calculating the form and magnitude of
departures from the IA in helium5–7 and Sears8 has devel-
oped a treatment for FSE’s which is applicable to a wide
range of systems. It has been shown9 that ISE’s become sig-
nificant at low temperatures and in quantum systems they are
largely responsible for observed deviations from IA behavior.
In nonquantum systems the IA is reached when the momen-
tum transfer to the atom far exceeds the root-mean-square
momentum of the atom. The derivation of the IA makes two
assumptions. The first is that the momentum transfer is suf-
ficiently large for the scattering to be incoherent and the
second is that the struck atom gains sufficient energy from
the neutron that its recoil appears to be that of a ‘‘free’’ atom.
Deviations from the IA are usually attributed to FSE’s but
Stringari10 pointed out that the standard form of the IA does
not correctly treat the bound nature of the initial state. In this
paper we examine the validity of the IA in zirconium hydride

~ZrH2! and test a form of the IA proposed by Stringari.
The NCS technique has already proved successful in de-

termining atomic momentum distributions and in obtaining
directly values for the mean atomic kinetic energies of a
number of light elements, for example, solid11,12 and liquid
helium,13,14 other noble gases in both solid and liquid
phases,15,16 hydrogen bonds,17,18 metals,19 liquid and solid
hydrogen,20 glasses,21 and graphite.22 Deviations from the IA
are most significant at lowerq where the spectrum of scat-
tered neutrons does not exhibit the characteristic features ex-
pected for recoil scattering from a ‘‘free’’ target atom. For
example, the determined momentum distribution is neither
symmetric nor centered at zero momentum and interpretation
follows the application of detailed correction procedures.
Deviations from the IA are reduced by moving to largerq
but they are not eliminated. Experiments on superfluid
helium-4 performed withq.50 Å21 still fail to observe the
sharp signature expected for the Bose condensate fraction,
showing that FSE’s are still present.23 Despite the theoretical
interest in this subject experimental investigations are limited
to helium and other noble gas systems.

High momentum transfers can be achieved with inverse-
geometry spectrometers receiving electron-volt neutrons
from pulsed-spallation neutron sources. Electron-volt spec-
troscopy is still in its infancy and as the reliability and accu-
racy of the technique improves the interpretation of results
will become more reliant on the procedures used to correct
for FSE’s. Accurate measurements on tightly bound proton
systems such as molecular hydrogen are only possible with
electron-volt spectroscopy where energy transfers much
greater than the vibrational frequency of the molecule are
required before the IA can be reliably used to determine
n(p!. A comprehensive assessment of the validity of the IA is
essential if the NCS technique is to be routinely employed to
investigate the momentum distribution of such tightly bound
systems. Zirconium hydride was chosen for this investigation
because~i! it is a strongly bound system,~ii! the incoherent
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neutron cross section of hydrogen is large at the very high
momentum transfers used,~iii! its high Debye temperature
ensures that the hydrogen is effectively in the ground state at
room temperature,~iv! the harmonic approximation is valid
and permits an exact calculation ofSIA~q,v! from a measure-
ment of the vibrational density of states~DOS!, and~v! the
hydrogen and zirconium scattering are well separated by the
kinematic mass separation of the NCS technique.

II. THEORETICAL BACKGROUND

A. Scattering within the impulse approximation

The double-differential scattering cross section for scatter-
ing from a system ofN identical atoms at zero temperature is
given by24

d2s

dV dE1
5Nb2

uk i u
uk f u

S~q,v!, ~1!

whereb is the scattering length,E1 the energy of the scat-
tered neutron,k i andk f are the initial and final neutron wave
vectors, respectively,q is the neutron wave-vector transfer
~q5ki2kf!, and\v is the energy lost by the neutron in the
scattering process. The dynamic structure factorS~q,v! can
be written as

S~q,v!5
1

N (
i
giU(

n
^ i uexp~2 iq•rn!u f &U2d~v1Ei2Ef !,

~2!

whereu i & and u f & are the initial and final quantum states,rn
is the position coordinate of atomn, gi is the Boltzmann
factor for occupation of quantum stateu i &, and(i performs a
thermal average. The IA is reached in the limit of large
wave-vector transfers where coherent processes are assumed
minimal. Then incident neutrons scatter from individual nu-
clei independently and therefore respond only to a single-
particle momentum distributionn~p!. The dynamical struc-
ture factor can then be written as

SIA~q,v!5E
2`

1`

n~p!dS v2
~p1q!2

2M
1

p2

2M Ddp, ~3!

whereSIA~q,v! is the dynamic scattering function in the IA,
M is the atomic mass, and wheren~p! satisfies the normal-
ization condition

E
2`

1`

n~p!d3p51 ~4!

and thed function restricts the integration to those states that
are accessible with energy and momentum conservation. The
average recoil energy transferred to the scattering particle is
given by

\vR5
\2q2

2M
. ~5!

Choosingq along thez axis of a Cartesian coordinate system
gives

SIA~q,v!5
M

q
J~y!, ~6!

where

y5
M

q S v2
q2

2M D ~7!

and

J~y!5E
2`

`

n~px ,py ,y!dpx dpy . ~8!

The quantityJ(y) is often termed the ‘‘neutron Compton
profile’’ ~NCP!, the one-dimensional projection ofn~p! along
the direction of the scattering vector. The properties of
S~q,v! which follow from Eqs.~6!–~8! are known asy scal-
ing and the degree to which the data obey this scaling law is
a measure of the validity of the IA. For an isotropic momen-
tum distribution it can be shown that

qSIA~q,v!52pME
uyu

`

pn~p!dp ~9!

and the mean kinetic energy of the target particle,^Ek&, may
be determined fromJ(y) from the second moment of the
NCP,

^EK&5
3

2M E y2J~y!dy. ~10!

B. The harmonic approximation

In the harmonic approximation, the atomic momentum
distribution is identical to that of a free gas, except that the
temperature is replaced by an effective temperature given by
\2s25MT* and Eq.~8! becomes

J~y!5
1

A2pMT*
expS 2y2

2MT* D , ~11!

whereT* is the effective temperature defined by4

T*5
1

2 E vZ~v!cothS v

T Ddv ~12!

andZ~v! is the phonon density of states. We define the vari-
ance of the momentum distribution alongq ass5~MT* !0.5.
In this paper, energies and temperatures are measured
in meV, momenta in Å21 and masses in amu unless
stated otherwise. In this system of units,\52.044 58
Å meV1/2 amu1/2.

C. The Stringari formulation

The Stringari formulation10 is obtained from the IA by
replacing thep2/2M term with the mean kinetic energy^Ek&
and the modified dynamical structure factorSs~q,v! is given
by

Ss~q,v!5E
2`

`

n~p!dS v2S p1q

2M D 21^Ek& Ddp. ~13!

For an isotropic momentum distribution it can be shown that
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qSs~q,v!52pME
uy1u

`

pn~p!dp, ~14!

where

y15A2M ~v1^EK&!2q ~15!

is the scaling variable, which should be compared with the
IA scaling variabley given in Eq.~7!. This predicts a nega-
tive shift of magnitudê Ek& in the peak energy ofSs~q,v!
from the IA value of\2q2/2M .

D. Sears expansion

To account for deviations from the IA Sears8 proposed a
series expansion ofJ(y) which contained symmetric and an-
tisymmetric terms,

J0~y!5JIA~y!2A3Fd3JIA~y!

dy3 G1A4Fd4JIA~y!

dy4 G2•••

~16!

whereJ0(y) is the observed NCP without instrument resolu-
tion andJIA(y) is the NCS derived in the IA. The coeffi-
cients of the first symmetric and antisymmetric terms in the
expansion are given by

A35
M ^¹2V&
36\2q

and A45
M2^F2&
72\4q2

, ~17!

whereV is the interatomic potential and̂F2& is the mean-
squared force on the target atom during the scattering. The
terms are corrections to the IA arising from FSE’s and pre-
dict the magnitude andq dependence of deviations from the
IA.

III. EXPERIMENTAL PROCEDURE

The measurements reported here were performed using
the eVS at the ISIS facility, which is situated at the Ruther-
ford Appleton Laboratory. The eVS is an inverse-geometry
filtered-beam spectrometer which uses a foil with a strong
cross section for neutron absorption to define the scattered
neutron energy. A pulsed white beam of neutrons with ener-
gies in the range 1–100 eV is incident on the sample, and the
time-of-flight ~TOF! spectrum of the scattered beam is mea-
sured by an array of fixed detectors. A resonant foil differ-
ence technique is used to yield a set of TOF spectra for those
neutrons scattered into a fixed energy and through fixed
angles. A full description of the eVS can be found in the
literature.25

At the time of the experiment reported here, the spectrom-
eter had six banks of 10-atm3He neutron detectors arranged
in pairs symmetrically about the incident beam and covering
angles in the ranges 36°–54°, 57°–77°, and 125°–137°, re-
spectively. The detectors were arranged with their axes ver-
tical and centered at the beam height. Forty detectors were
arranged at forward-scattering angles~u,90°! and a further
ten at backward-scattering angles.26 For scattering from hy-
drogenous systems the dynamics of the interaction restricts
the scattering to scattering anglesu,90° and only data from
detectors at forward scattering angles were useful in this in-
vestigation. Thirty of these were at angles suitable for hydro-

gen scattering and for convenience these are represented in
this work as three banks—bankA ~covering the angular
range 36°–44°!, bankB ~46°–54°!, and bankC ~57°–66°!.
In Fig. 1 we show the TOF scans in~q,v! space which were
available with banksA, B, andC using a gold analyzer. The
shaded region is bounded by the full width at half maximum
~FWHM! of the response from a hydrogen atom in ZrH2
~having a momentum distribution with a FWHM of 9 Å21!.
It should be noted that the energy and momentum transfers
available on resonance filter spectrometers are much greater
than those attainable on any other neutron instrument and it
can be seen from Fig. 1 that on eVS, for H scattering at the
recoil peak position, 2.5,v,23 eV and 35,q,105 Å21.
At such high momentum and energy transfers, corrections to
the IA are expected to be small, but as we shall show they are
not negligible. The incident and transmitted beam intensities
were monitored using glass scintillation detectors placed be-
fore and after the sample.

The sample was placed in a square aluminum can
mounted on the end of an aluminum stick and positioned
perpendicular to the beam. Detector saturation was avoided
by limiting the total scattering to 5% of the incident beam.
The beam tubes and the sample chamber were evacuated to
minimize air scattering. The samples were manufactured at
the Department of Physics of the University of Warwick
from powdered samples of zirconium obtained from Good-
fellow Metals ~Cambridge!. The grain size and purity of the
powdered sample of zirconium were 150mm and 99.50%,
respectively. The percentage of hydrogen absorbed was care-
fully monitored during hydriding and the resulting composi-
tion was determined to be ZrHx , x51.9660.04.

FIG. 1. Detector scans on eVS through~q,v! space. In this work
the eVS had 40 detectors at forward-scattering angles. 30 of these
were at angles useful for hydrogen scattering, which are considered
for convenience grouped together in three banks of detectors 36°–
44° ~bank A!, 46°–54° ~bank B!, and 57°–66°~bank C!. Each
detector scan for each bank lies in the shaded regionA, B, or C
marked on the figure. The dashed curves represent the peak position
and FWHM of the response of a hydrogen atom in ZrH2 which has
a momentum distribution with a FWHM of 9 Å21.
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Gold foils were mounted on a cylindrical aluminum sup-
port which surrounded the sample chamber and placed in the
scattered beam. The foils are automatically cycled in and out
of the scattered beam every 5 min by means of pneumatic
pistons. The constant cycling of the resonant foil minimizes
systematic errors which result from changes in the relative
efficiency of the detectors to neutrons of different energies.
Two types of measurement were made: one with the resonant
foils in and one with the resonant foils out of the scattered
beam. The TOF spectra corresponding to the ‘‘foil in’’ and
‘‘foil out’’ measurements were collected in separate areas of
the instrument computer memory. The gold foil has a strong
absorption cross section of Lorentzian shape, centered at
4917.6 meV and with a half width at half maximum
~HWHM! of 143.1 meV. By taking the difference between
spectra collected with ‘‘foil in’’ and ‘‘foil out’’ the count rate
for neutrons scattered with energy 4917.66143.1 meV was
determined.

The isotropic nature of the sample means that data from
groups of detectors may be added together to increase the
statistical accuracy. Summing data over banks of detectors
with similar scattering angles results in a NCP of high statis-
tical accuracy which covers a range of momentum transfer.
Measurements were performed at both 20 and 290 K al-
though the proton is effectively restricted to the ground state
at both these temperatures. Furthermore, ZrH2 exists in thee
phase at both these temperatures. This was confirmed by
analysis of diffraction data which are recorded simulta-
neously with NCS data but in a different region of TOF
~NCS 100–700ms; diffraction 1000–20 000ms!. Diffraction
peaks corresponding tod spacings greater than 1 Å were
identified and the~002! peak due solely to thee phase was
observed.

Shown in Fig. 2 are typical TOF ‘‘foil out’’ and ‘‘foil in’’
spectra~each normalized to the incident beam! for scattering
from ZrH2 collected at a scattering angle of 36°. Shown in
Fig. 3 is the difference of these two measurements for a
series of detectors in one of the low-angle banks. The differ-
ence spectrum yields those neutrons absorbed by the ana-
lyzer foil. The broad peak is the hydrogen scattering, while
the narrow peak is the combined scattering from the zirco-
nium and the aluminum sample holder. Note how the sepa-
ration of the two peaks and the width of the hydrogen peak
become larger at higher scattering angles.

IV. ANALYSIS

The data analysis procedures for the eVS are described
fully elsewhere25 and only a summary is given here. The
‘‘foil in’’ and ‘‘foil out’’ TOF spectra obtained by each de-
tector were suitably normalized and then subtracted. The alu-
minum can scattering was determined by an empty can mea-
surement and then subtracted from the data. The zirconium
scattering was removed by fitting an appropriate Voigt func-
tion ~convolution of a Gaussian and a Lorentzian! to each
TOF data set, the parameters of the Voigt function being
determined by the instrument resolution and the Gaussian
width of the zirconium recoil scattering. The TOF spectrum
from each detector was then transformed intoy space using
either the IA or the Stringari scaling expressions, Eqs.~7!
and ~15!, respectively.

Analytical expressions for the components of the instru-
ment resolution function iny space27 were used to calculate
the resolution components and the results for detector bank
C are given in Fig. 4. The contributions are independent and
originate from the distribution of the initial and final flight
paths ~s0 and s1, respectively!, and scattering angles and
incident energy values allowed by the instrument geometry,
su , and the analyzer foil,sE . In all cases the dominant con-
tribution issE although the angular termsu is significant for
scattering from hydrogenous systems and was determined for
all detectors from the line shape of powder diffraction peaks.
The intrinsic energy width of the gold resonance was previ-
ously determined for each detector, both analytically and ex-
perimentally by measurements of recoil scattering from
heavy systems such as lead and tin, and is well described by
a Lorentzian function. All other resolution components are
well described by Gaussian functions. The resultant resolu-
tion function is therefore a Voigt function.

The mean atomic kinetic energy was determined by fitting
each individual momentum-space difference spectrum with a
Gaussian, of the form given in Eq.~18! below, convoluted
with the appropriate resolution function

J~y!5S 1

A2psy
2D expS 2~y2ym!2

2sy
2 D . ~18!

Two fitting parameters were used; the profile centroidym and
standard deviationsy . The mean atomic kinetic energy was
determined from the value ofsy whereas deviations ofym
from zero were used to test the validity of the IA and to
investigate the significance of FSE’s. Values ofsy were av-
eraged to give a single value for each detector bank. These
values were further averaged and used to determine the
Debye-Waller factor used to calculate the density of states.

V. DENSITY OF STATES

As mentioned in Sec. II, exact simulations ofJ(y) can be
performed by calculating the scattering functionS~q,v! for
an isotropic harmonic solid using the density of states. Al-
though e-phase ZrH2 has been studied in great detail, we

FIG. 2. Foil in ~crosses!and foil out ~line! time-of-flight mea-
surements of ZrH2 on eVS. The scattering angle for these measure-
ments was 36°.
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know of no previous attempt to derive the phonon density of
states explicitly. The theoretical results required for our
analysis are detailed below.

An exact calculation of both the single-particleS~q,v!
and n(p! from the density of states is possible within the
harmonic approximation.28 For an isotropic system, the
single-particle incoherent scattering in the harmonic approxi-
mation is given by24

SH~q,v!5F 1

2p\G E
2`

`

dt exp~2 ivt !expS \2q2

2M D
3@g~ t !2g~0!#, ~19!

where

g~ t !5E
2`

`

dv@Z~v!/v#n~v!exp~2 ivt !. ~20!

The one-phonon contribution toSH~q,v! can be obtained
from ~19!by expanding the exponential term exp(2 ivt) and
is given by

SH,11~q,v!5
1

2M
q2exp@22W~q!#FZ~v!

v G@n~v!11#,

~21!

where the subscript11 refers to phonon creation,Z~v! is the
normalized phonon density of states,W(q) is the Debye-
Waller factor, andn~v! is the Bose-Einstein occupation fac-
tor n~v!5@exp~\v/kBT!#21 where kB is Boltzmann’s con-
stant. At low q, S~q,v! is dominated by one-phonon
scattering and the density of states can be derived directly
from Eq. ~21!. Following the method used by Andreani29 for
a polycrystalline sample the density of statesg~v! is given
by

g~v!5 lim
q→0

g8~q,v!5
SH,11~q,v!

q2
2Mv

exp2W~q!

@n~v!11#
.

~22!

For a cubic Bravais latticeW~q!5q2/2s2 and if W(q! is
known g~v! can be calculated from a measurement of
S~q,v!. W(q! was determined using a value ofs54.18 Å21

andS~q,v! was measured using the MARI spectrometer at
ISIS. A complete account of the experimental procedure and
a discussion of the MARI results will be given elsewhere30

and only a brief description is included here.
MARI is a direct-geometry chopper spectrometer operat-

ing in TOF.31 It has a very large array of neutron detectors
distributed over a wide range of angles which allowS~q,v!
to be measured over a range of values in~q,v! space with a
resolution that is typically 1–2 % of the incident energy. The
energy of the incident pulses of neutrons is determined by
the rotational speed of the Fermi chopper, phased to the neu-
tron burst time. This energy sets the maximum energy of the
region of~q,v! space to be observed. The maximum momen-
tum transfer available on MARI for scattering from hydrog-
enous samples is about 20 Å21, compared to about 100 Å21

for eVS.
Multiple-scattering effects were investigated by perform-

ing three experiments, all at 20 K with two different sample
geometries and two different incident energies~220 and 450

FIG. 3. A series of time-of-flight difference
measurements of ZrH2 measured on one of the
low-angle detector banks on eVS. The broad peak
is scattering from hydrogen, while the narrow
peak is scattering from aluminum~in the sample
holder! and zirconium. Note how the separation
of the two peaks and the width of the hydrogen
peak both become larger at high scattering
angles.

FIG. 4. Calculated resolution components of eVS for hydrogen
scattering over all forward-scattering detectors~banksA, B, andC!
obtained from separate measurements on heavy elements. The dif-
ferent resolution components arise from the analyzer foil,sE ~open
circles!, the scattering geometry,su ~squares!, the uncertainty of the
measurement in time of flight~crosses!, and the distribution of the
initial and final flight paths,s0 ~open triangles!and s1 ~solid
circles!, respectively.
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meV!. To minimize systematic errors in the derived density
of states it is important to ensure that multiple scattering
does not adversely affect the data at lowq. In each measure-
ment the scattered intensity was of the order of 5%, low
enough to ensure that multiple scattering was not significant.
If significant, the different combinations of sample geometry
and incident energy would yield significantly different results
for the derived vibrational density of states. This was not the
case. There is the advantage that the exact form of the vibra-
tional density of states does not affect the form of the NCP at
large q. The width of the NCP should only depend on the
mean kinetic energy of the system, and therefore on the den-
sity of states via the effective temperature, Eq.~12!.

The MARI data were in the form of a rectangular grid of
values ofS~q,v!. A series of constant-v cuts were made at
intervals of between 0.5 and 1.0 meV. Each of the data sets
so obtained was converted to a value defined here as
g8(v,q!. By extrapolatingg8(v,q! to q50 for each value of
v, and normalizing to unity,g~v! was obtained. A weighted
least-squares straight-line fit was used to perform the ex-
trapolation. Once the extrapolated values were obtained in
the region 100–200 meV, they were normalized to unity.
Figure 5 shows the derived density of states, corresponding
to MARI data obtained with an incident energy of 220 meV
and slab and cylindrical sample geometries~circles and
boxes respectively!. The density of states obtained with the
higher incident energy was of poorer resolution and is not
shown.

VI. EXPERIMENTAL RESULTS AND SIMULATIONS

Simulations of the measured neutron Compton profiles of
ZrH2 in TOF were performed using the density of states
shown in Fig. 5 as boxes~see Ref. 9!. The slab geometry
measurement had the best counting statistics and this density
of states was used to simulate eVS data. Data were simulated
using the calibration parameters appropriate to each of the 30
detectors used in the measurements. Three profiles were cre-
ated by adding simulated data corresponding to detectors in

each of the three detector banksA, B, andC. The simulated
TOF spectra were convolved with the resolution function for
each detector, converted to momentum space, and then ana-
lyzed in the same way as the ‘‘real’’ eVS data. A value of
143.1 meV was used for the full width at half maximum of
the Lorentzian resolution contribution from the analyzer foil.
Simulations in TOF for scattering angles of 35.96° and
53.68° are shown in Fig. 6 before convolution with the in-
strument resolution. The individual multiphonon excitations
are visible. Higher momentum transfers are reached at the
larger scattering angle of 53.68° and the individual excita-
tions merge together. After convolution with the resolution
function there was no sign of the individual excitations for
even the lowest scattering angle~lowest momentum trans-
fer!.

The results of the simulations of the measured NCP for
detector banksA, B, andC are compared to eVS measure-
ments in Figs. 7~a!, 7~b!, and 7~c!. They scaling procedure
@Eq. ~7!# was used to convert the TOF data to momentum
space. The profiles measured by each of the ten detectors in
each bank have been summed and normalized to unity. The
momentum transfer ranges sampled by banksA, B, andC
were 35.3–46.6 Å21, 50.0–65.8 Å21, and 75.7 and 108.6
Å21, respectively. The simulations based on the measured
vibrational density of states are shown as solid lines. Shown
also is the sum of four measurements of hydrogen in ZrH2.
Three of these measurements were the results of a previously
unpublished experiment on a commercially supplied sample
of ZrH2 ~Ref. 32!and the other used the sample prepared for
the density of states measurement. Good experimental con-
sistency is observed. The difference between the simulation
and the IA result calculated directly from the density of
states is shown as the lower solid line. In both the simulation
and the eVS data an asymmetry is observed. As expected, at
finite values ofq, the peak position is shifted to negative
values of momentum space. Both the asymmetry and peak

FIG. 5. The vibrational density of states of H in ZrH2 obtained
from the measurement ofS~q,v! with a slab sample geometry
~circles! and that obtained with a cylindrical sample geometry
~boxes!. Both runs were made with an incident energy of 220 meV.
The similarity of the derived density of states for these two different
geometries indicates that multiple-scattering effects are small.

FIG. 6. Simulations of eVS time-of-flight spectra for scattering
from hydrogen in ZrH2. The simulations are based on the measure-
ment of the vibrational density of states~incident energy 220 meV!
and are an exact numerical simulation in the harmonic incoherent
approximation. The simulations shown are for detectors at scatter-
ing angles of 36.0° and 53.7°. The individual multiphonon excita-
tions are visible in the peak centered at about 310ms. At the higher
momentum transfers reached at 53.7°, the individual excitations
merge together. The data shown are not resolution convoluted.
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shift are attributed to the presence of FSE’s. To demonstrate
the approach to the IA asq increases, the measured peak
position of each profile was determined. The peak position
was not affected by the resolution function as this is sym-
metric. Figure 8~a! shows the peak shifts in they scaled eVS

data and the derived peak shifts of the simulated data plotted
as a function ofy. The peak positions as a function ofy are
also shown for the simulated data. The peak shifts become
progressively smaller as the momentum transfer is increased,
in accordance with the limiting behavior of the IA. This ob-
servation is reinforced by returning to Fig. 7 where the dif-
ference between the IA and simulation is reduced as the mo-
mentum transfer is increased from banksA to C.

Figure 9 corresponds to Fig. 7 except that the Stringariy1
scaling variable has been used to convert from TOF to mo-
mentum space. The difference is clear. The measured neutron
Compton profiles are distinctly more asymmetric than the
y-transformed data.

The mean atomic kinetic energy^Ek& can be deduced by
fitting with a model having the form of Eq.~18! and using
^Ek&53sy

2/2M . Figure 8~b! shows the fitted values ofsy as
a function of y for the eVS data~circles! and the results
obtained from the simulation~solid line!. The dependence of
sy on the form of the density of states was tested by repeat-
ing the simulations for ZrH2 using a slightly different density
of states and withsy values of 4.14 and 4.17 Å21, respec-

FIG. 7. Comparison of measurements ofJm(y) made at average
momentum transfers of~a! 40.8 Å21 ~bankA!, ~b! 57.6 Å21 ~bank
B!, and~c! 91.2 Å21 ~bankC!, respectively, on eVS~1! compared
to exact simulations of the data based on the density of states of the
hydrogen vibrations measured with the MARI spectrometer~solid
line!. The form ofJm(y) reached in the impulse approximation is
also shown~dashed line!. The difference between this and the simu-
lation is shown as the lower solid line. The conventionaly scaling
was used to transform from time of flight to momentum space.

FIG. 8. ~a! The positions of the recoil peaks iny space are
shown for the eVS measurements~circles! as a function of the
momentum transfer of the measurements. Also shown~solid line! is
the same for the numerical simulation.~b! The s values deter-
mined from the eVS measurements~circles!. They are plotted
against thes values determined from the numerical simulation from
the vibrational density of states~solid line!.
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tively. The values extracted from the two simulated profiles
were 4.12360.002 and 4.14160.002 Å21. The difference in
these values~1%! indicates the sensitivity of the derived
value to the mean value of the density of states used in the
simulations. However, the form of the density of states has
little bearing on the simulations. After applying the Sears
symmetrization procedure outlined in Sec. II the symme-
trized y-transformed simulation gave a value ofs54.154
Å21, which agrees well with the value of 4.14 Å21 derived
from the density of states.

The sensitivity ofsy to the half width at half maximum of
the Lorentzian contribution to the resolution function was
determined by repeating they-transformed simulations using
values ofDER5126 and 143.1 meV. For the hydrogen simu-
lations, the two analyses gave values of 4.14660.002 and
4.12360.002 Å21, respectively, a difference of about 0.75%
or just under 1.44% in the mean kinetic energy. This is com-
parable to the statistical accuracy of the measurement, and so
is not of great significance. This justified the value of
DER5140 meV used consistently in the analysis.

Table I givessy determined from the density of states
directly, through Eq.~12! ~the harmonic approximation!,
from the symmetrized and unsymmetrized neutron Compton
profiles simulated from the density of states, and from the
symmetrized and unsymmetrized measured neutron Comp-
ton profiles. Values obtained using bothy andy1 scaling are
given for the simulated and measured data. The Stringari IA
~SIA! transformation generally leads to an overestimation of
the mean kinetic energy compared with that calculated di-
rectly from the density of states. This is consistent with the
asymmetry observed in Fig. 9. FSE’s also result in a profile
asymmetry which can be corrected by symmetrization of
J(y). This procedure removes FSE’s of orderq21 and is
applicable to these data because FSE’s are expected to be
small at the high momentum transfers used. The values for
sy thus obtained are typically 1% larger than the unsymme-
trized values. For the symmetrizedy-transformed simula-
tions, the results agree within error with the value of 4.14
Å21 calculated directly from the density of states. The values
measured at the low and intermediate momentum transfer
~banksA andB! are also in agreement. The small underes-
timation at higherq ~bankC! may be attributed to a system-
atic error resulting from instability in the measurement at
very short times of flight.

VII. CONCLUSIONS

We have used neutron Compton scattering from ZrH2 to
test the validity of the IA and SIA in scattering from hydrog-
enous systems. We find that using the Stringari scaling vari-
abley1 introduces a significant asymmetry inJ(y1) and the
extracted kinetic energy is significantly larger~2%! than the
value determined from the density of states directly. Our data
suggest thaty scaling is more appropriate for tightly bound
hydrogenous systems such as ZrH2. FSE’s are manifested in
our data by shifts in the peak position to negativey values
and as a profile asymmetry. Both effects are reduced at high
q as the IA is approached. Forq.40 Å21 symmetrization
removes FSE’s to the accuracy of these data. At lowerq we
believe effects of orderq22 remain. We conclude that
electron-volt spectroscopy with the energy and momentum
transfers currently available can be used to obtain accurate
results on tightly bound hydrogenous systems.

It is perhaps not surprising that they1 scaling is inaccurate
in zirconium hydride. It has been shown9 thaty1 scaling is a
preferable description toy scaling in an infinite square-well
potential. In this case, the energy of the particle is entirely
kinetic and the replacement of the initial energy by the ki-
netic energyEk is exact. Stringari also showed thaty1 scal-
ing provides an accurate description of deviations from the

FIG. 9. This is the analogous diagram to Fig. 7 except in this
casey1 scaling was used to convert from time of flight to momen-
tum space.
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impulse approximation in liquid helium. The interatomic po-
tential in liquid helium is similar to the square-well potential
in that it is weak, except at short interatomic distances. The
effect of a longer-range interatomic potential, such as the
harmonic potential in zirconium hydride, is to reduce shifts
in the peak position ofJ(y), compared with the predictions
of y1 scaling. Thus the type of scaling which is observed will
depend on the nature of the interatomic potential.
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TABLE I. The variancesy of J(y) ~unsymmetrized!of hydrogen in ZrH2 determined from exact numerical calculations described in the
text ~ssim! and measurements made on the eVS spectrometer~sm! for three ranges of momentum transfer. The results of the symmetrized
calculations and measurements are also given (sSsim,sSm). Values are compared tosDOS determined from the density of states directly
through Eq.~12!. The numbers in parentheses are the errors.

Profile
widths ~Å21!

BankA
qmean540.8 Å21

BankB
qmean557.6 Å21

BankC
qmean591.2 Å21

Scaling variable ya y1
a y y1 y y1

ssim 4.106~0.007! 4.149~0.008! 4.112~0.005! 4.159~0.005! 4.117~0.005! 4.165~0.005!

sSsim 4.151~0.005! 4.149~0.006! 4.160~0.004! 4.169~0.004! 4.169~0.003! 4.192~0.003!

sm 4.12~0.01! 4.17~0.02! 4.16~0.02! 4.21~0.02! 4.03~0.06! 4.06~0.03!

sSm 4.15~0.01! 4.20~0.01! 4.17~0.01! 4.21~0.01! 4.03~0.02! 4.09~0.02!

sDOS 4.14 4.14 4.14

ay andy1 scaling variables are described in the text.

53 3031NEUTRON-SCATTERING STUDY OF THE IMPULSE . . .



























H-Zr (Hydrogen-Zirconium)
H. Okamoto

The Zr-H phase diagram in [Massalski2] was evaluated
by [1990Zuz] (dashed lines in Fig. 1). Intermediate phases
� and � are shown. [1999Dup] obtained the Zr-H phase
diagram by thermodynamic modeling. The result is shown
with dotted lines in Fig. 1.

According to pressure-composition isotherm measure-
ment by [2003Set], the Zr-H phase diagram appears as
shown with solid lines. Figure 2 shows the (�Zr) phase
region in detail. The diagrams of [1990Zuz], [1999Dup],
and [2003Set] are similar, but refinement seems to be
needed due to disagreement among them.

[2003Set] could not observe the change in the isotherms

corresponding to the � phase. Therefore, the existence of the
� phase must be reexamined.
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The vibrational excitations of crystalline solids corresponding to acoustic or optic one-phonon 
modes appear as sharp features in measurements such as neutron spectroscopy. In contrast, 
many-phonon excitations generally produce a complicated, weak and featureless response. 
Here we present time-of-flight neutron scattering measurements for the binary solid uranium 
nitride, showing well-defined, equally spaced, high-energy vibrational modes in addition to the 
usual phonons. The spectrum is that of a single atom, isotropic quantum harmonic oscillator 
and characterizes independent motions of light nitrogen atoms, each found in an octahedral 
cage of heavy uranium atoms. This is an unexpected and beautiful experimental realization 
of one of the fundamental, exactly solvable problems in quantum mechanics. There are also 
practical implications, as the oscillator modes must be accounted for in the design of generation 
IV nuclear reactors that plan to use uranium nitride as a fuel. 

1 Quantum Condensed Matter Division, Neutron Sciences Directorate, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA. 2 Chalk  
River Laboratories, Canadian Neutron Beam Center, National Research Council, Chalk River, Ontario, Canada K0J 1J0. 3 Materials Science and Technology 
Division, Physical Sciences Directorate, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA. 4 CIRE, University of Tennessee, Knoxville, 
Tennessee 37996, USA. Correspondence and requests for materials should be addressed to A.A.A. (email: aczelaa@ornl.gov) or to S.E.N.  
(email: naglerse@ornl.gov). 

Quantum oscillations of nitrogen atoms  
in uranium nitride
A.A. Aczel1, G.E. Granroth1, G.J. MacDougall1, W.J.L. Buyers2, D.L. Abernathy1,  
G.D. Samolyuk3, G.M. Stocks3 & S.E. Nagler1,4



ARTICLE

��

nature communications | DOI: 10.1038/ncomms2117

nature communications | 3:1124 | DOI: 10.1038/ncomms2117 | www.nature.com/naturecommunications

© 2012 Macmillan Publishers Limited. All rights reserved.

The spectrum of elementary excitations in materials is one of 
the core concepts in modern condensed matter physics. The 
archetypical example is the set of quantized lattice vibrations 

in crystalline solids, or phonons1. For crystals with more than one 
atom per unit cell, one expects both acoustic and optic phonon 
modes and if these are known, one can calculate the lattice contribu-
tion to fundamental properties such as the heat capacity. The vibra-
tional spectrum at energies above those of the highest optic phonon 
mode is generally a complicated many phonon continuum that is 
often weak and featureless. In sharp contrast, for the binary solid 
uranium nitride (UN)2–5, where the nitrogen atoms are very light 
compared with the uranium atoms, our inelastic neutron-scattering 
measurements reveal that the high-energy spectrum is greatly sim-
plified and consists of a set of equally-spaced, well-defined modes 
that can be measured to energies at least ten times as large as that 
of the optic phonon modes. This data is best explained by assuming 
that each nitrogen atom behaves as an independent quantum har-
monic oscillator (QHO), and the nitrogen motion is therefore a rare 
experimental realization of an exactly soluble, three-dimensional 
model in quantum mechanics6.

The binary uranium systems of the form UX (X  =  C, N, S, Se, 
Te, As, Sb) have relatively simple rocksalt crystal structures as illus-
trated in Fig. 1. They have been extensively studied owing to their 
vast array of puzzling physical and magnetic properties7, including 
unusually high electronic-specific heats and drastic suppression  
of ordered magnetic moments. Among these systems, UN has 
received significant attention8–12 recently owing to its potential use 
as a high-temperature nuclear fuel13–15.

The primary magnetic and lattice excitations of UN have been 
investigated previously via inelastic neutron scattering2,3,16. Despite 
these efforts, several intriguing open questions remain concerning the 
details of the experimental spectra. Since the initial measurements, 
significant advances have been made in inelastic neutron scattering 
using time-of-flight methods. Next-generation chopper spectrom-
eters allow for measurements over much broader energy (ω) and 
momentum (


Q) transfer ranges than were previously accessible, with 

both improved intensity and resolution. For these reasons, the excita-
tions in UN were re-examined using the Fermi chopper spectrom-
eters SEQUOIA17,18 and ARCS19 at the Spallation Neutron Source of 
Oak Ridge National Laboratory. In addition to the expected magnon 
and phonon modes, this investigation resulted in the unexpected dis-
covery of a series of excitations spaced equally in energy by intervals 
of ~50 meV, and extending up to at least 500 meV.

Results
Conventional phonons. To perform the measurements, the same 
UN crystal utilized by Jackman et al.2 was aligned with the (HHL) 
plane horizontal and cooled to a temperature T = 5 K. Figure 2a 
shows representative results obtained at SEQUOIA using an incident 
neutron energy Ei = 80 meV for a typical symmetry direction in 
reciprocal space. A constant Q-cut through the data, at the position 
corresponding to the vertical line, is illustrated in Fig. 2b. The solid 
red curve is a fit to a superposition of Gaussian peaks at the mode 
positions. The measured phonon dispersion relations are consistent 
with earlier investigations2,20. The black lines in Fig. 2a are obtained 
from a fit of the data to a simplified model16 that includes only 
nearest-neighbour U-N (65 ± 2 N m − 1) and U-U (50 ± 4 N m − 1) 
force constants. This model suffices for illustrative purposes, 
although more detailed models2,8–10,21,22 give a closer match to the 
observed dispersion. Some of those models also include N-N force 
constants, although they are found to be negligibly small compared 
with their U-N and U-U counterparts.

Notably, the optic modes are well separated in energy from 
the acoustic modes and are weakly dispersive centred around 
ω~50 meV2,20. Because of the large mass ratio M/m, where M and 
m are the masses of the U and N atoms, respectively, the eigenvectors  

of the modes are such that the U atom motions are largely reflected 
by the acoustic phonons and the optic modes correspond primarily 
to motions of the N atoms16. A weak column of magnetic scattering, 
previously observed by Holden et al.3, is also visible in Fig. 2a at the 
antiferromagnetic zone centre ( − 1  − 1 0).

High energy response. The upper and lower panels in Fig. 2c,d 
show SEQUOIA data taken with Ei = 250 meV covering a larger 
range of energy transfer. The upper panel shows the data averaged 
over all measured crystal orientations and the lower panel is a plot 
of intensity versus energy transfer for this data summed over Q. 
The data is striking and reveals a series of essentially dispersionless 
excitations extending up in energy from the optic mode, and evenly 
spaced by ~50 meV intervals. The intensity of each mode increases 
with increasing momentum transfer over several Å − 1 indicat-
ing that these excitations are vibrational as opposed to magnetic. 
These data were extended greatly in both energy and wavevector 
range by further measurements using the ARCS chopper spec-
trometer. The larger Q range of this instrument is provided by its 
wide-angle detector coverage up to 2θ~135°, whereas the maximum 
2θ for SEQUOIA is only ~60°. Figure 3a,b show ARCS data with 
Ei = 500 meV plotted on a logarithmic intensity scale. Figure 3c,d 
show data from the same instrument with Ei = 800 meV; the upper 
panel c has intensity on a linear scale, whereas panel d is also on a 
logarithmic scale. A series of evenly spaced excitations is clearly vis-
ible up to the 10th order at an energy of 500 meV. The well-defined 
peaks in the orientationally averaged data imply that the modes are 
localized and isotropic, and the energy widths of these excitations 
were found to be roughly the same for all orders of n.

QHO model. Some enhanced response at an energy corresponding 
to twice that of the optic phonon was observed in previous neutron 
scattering studies of UN and attributed to two-phonon processes16. 
However, the observation of such an extended series of equally 
spaced and well-defined modes is unprecedented. The most obvious 
system exhibiting a spectrum consisting of equally spaced modes is 
the QHO. Here one can postulate that the extremely light mass of 
the N atom relative to the U atom leads to a situation where high-
frequency vibrations in the crystal essentially consist of motions of 
individual N atoms in a very isotropic and harmonic potential aris-
ing from a surrounding regular octahedron of U atoms. Each N atom 
is then a nearly ideal realization of the QHO in three dimensions,  
with a fundamental frequency corresponding to an energy 

Figure 1 | Rocksalt crystal structure of uranium nitride. Each N atom 
(small red spheres) is centred in a regular octahedron of U atoms (large 
blue spheres).



ARTICLE   

�

nature communications | DOI: 10.1038/ncomms2117

nature communications | 3:1124 | DOI: 10.1038/ncomms2117 | www.nature.com/naturecommunications

© 2012 Macmillan Publishers Limited. All rights reserved.

ωo≈50 meV, equivalent to a temperature of 580 K. The QHO is one 
of the simplest and best understood theoretical models in quantum 
mechanics6, and serves as the foundation for understanding diverse 
phenomena such as the vibrational modes of molecules, the motion 
of atoms in a lattice and the theory of heat capacity. We show below 
that the QHO model can quantitatively describe the high-energy 
vibrational features observed in the UN data.

The neutron-scattering signal expected from the QHO is well 
known23. The dynamical response for kBT   ωo can be written as:

S Q S Qn
n

( , ) ( , )w w= ∑

where the contribution to the intensity arising from the nth oscilla-
tor excitation is given by:
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The argument of the exponent resembles a Debye–Waller factor and 
reflects the zero-point motion of the oscillator. It is interesting to 
note that the intensity maximum for each mode occurs at the Q posi-
tion corresponding to the recoil scattering for a free particle of mass 
m (see Supplementary Discussion Section A and Supplementary  
Fig. S1 for further details).

(1)(1)

(2)(2)

Equation (2) reflects the intensity expected for a single inelastic 
scattering event. As the modes are evenly spaced, in a real experiment 
multiple scattering events in any combination of elastic and inelastic 
scattering will also result in intensity at the positions of the modes. 
Hence, any comparison of the QHO theory to the data must account 
for the intensity arising from multiple scattering in some fashion. As 
a first approximation, the measured data for UN was compared with 
the QHO model by fitting constant energy cuts (20 meV integration 
range) corresponding to the n = 1–7 modes for both Ei = 500 meV 
and 800 meV data to the following functional form:

S Q A Q CQ Bn
n n n( ) exp( )= − +2 2

Here the multiple scattering contribution to the observed intensity 
at each mode position is assumed to be a constant Bn independent 
of momentum Q: this is the simplest possible assumption. The Bn 
term and the associated multiple scattering are discussed in more 
detail in Supplementary Discussion Section B and Supplementary 
Fig. S2.

Figure 4a shows the Q dependence of the seven lowest oscilla-
tor modes for the Ei = 800 meV data with solid lines indicating the  
corresponding fits to equation (3). The fits are excellent over  
the entire range of measured data and this is also true for the 
Ei = 500 meV data (not shown). Figure 4b plots the ratios of  
the fitted parameters An/A1 for both data sets. The solid curve  

(3)(3)

10

5

0
0 20

In
te

ns
ity

 (
ar

bi
tr

ar
y 

un
its

)

In
te

ns
ity

 (
ar

bi
tr

ar
y 

un
its

)

ħ� (meV) ħ� (meV)

ħ�
 (

m
eV

)

ħ�
 (m

eV
)

40 60 0

15

2

150

a
2010

2

50 100 150 200

10

5

0

3
4

1

Q (Å–1)

4 6 8

100

–2.5

60

–2.0 –1.5 –1.0 –0.5

(H H 0)

50

0

15

10

5

0

50

40

30

20

10

0

7.5

5.0

2.5

0.0

b

c

d

Figure 2 | Inelastic neutron scattering data from UN measured at SEQUOIA for T = 5 K. (a) Colour intensity plot of the scattering with Ei = 80 meV. The 
vertical axis ω denotes the energy transfer, and the horizontal axis the wavevector transfer along high-symmetry direction (HH0). The integration ranges 
for the perpendicular directions (HH0) and (00L) were 0.2 reciprocal lattice units (r.l.u.). The data clearly shows the acoustic and optic one-phonon 
modes, and the black curves show fits of the phonon dispersion to the two force-constant model described elsewhere16. (b) A constant Q-cut taken along 
the vertical line in a with an integration range of 0.2 r.l.u. in the (HH0), (HH0) and (00L) directions. The error bars represent one standard deviation from 
the expected signal, and the solid line depicts a fit to a superposition of Gaussian functions. (c) Colour intensity plot of the Ei = 250 meV data summed 
over all directions in reciprocal space, with the magnitude of the wavevector, Q, along the horizontal axis. Several modes are evident, evenly spaced in 
energy by ~50 meV intervals. As discussed in the text, these are attributed to QHO behaviour of the nitrogen atoms in UN. (d) Q-integrated data from c, 
clearly showing the oscillator excitations. The error bars, representing one standard deviation from the expected signal, are smaller than the symbols.
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indicates the prediction of the QHO model for a nitrogen atom with 
ωo = 50 meV, with the non-integer n values interpolated by using 
Γ(n + 1) to calculate n!. The values obtained from the data agree 
very well with the model over nearly 20 orders of magnitude. The  
maximum relative deviation for any one ratio is within a factor of 

two for the Ei = 800 meV data and within 20% for the Ei = 500 meV 
data. Given the large range of values covered and the simple assump-
tion made for the multiple scattering, this is strong confirmation 
that the QHO picture applies to the nitrogen atoms in the uranium 
lattice.

10

1

1

0.1In
te

ns
ity

 (
ar

bi
tr

ay
 u

ni
ts

)

In
te

ns
ity

 (
ar

bi
tr

ay
 u

ni
ts

)

ħ� (meV) ħ� (meV)

ħ�
 (m

eV
)

ħ�
 (m

eV
)

0

300

400

500

600

a 4
1

2
3

4

6

5

7

1
2

3
4

6
5

7

8
9

10

1

Q (Å–1) Q (Å–1)

200

5

400

10 15 20 25 35305 10 15 20 25

100

0

3

2

1

0300

200

100

0

0

0.1

0.01

b

c

d

300 4002001000 300 400 500200100

0.1

10

0

Figure 3 | Inelastic neutron scattering data from UN measured at ARCS for T = 5 K. (a) Colour intensity plot of the scattering with Ei = 500 meV averaged 
over all measured crystal orientations. (b) The scattering in a integrated over all Q, with the error bars representing one standard deviation from the 
expected signal. (c) Colour intensity plot of the scattering with Ei = 800 meV averaged over all measured crystal orientations. (d) The scattering in c 
integrated over all Q, with the error bars representing one standard deviation from the expected signal.
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Figure 4 | Fitting results and analysis of the UN oscillator modes. (a) The Q-dependence of the intensity for the n = 1–7 oscillator modes with 
Ei = 800 meV. The error bars represent one standard deviation from the expected signal, and the legend indicates ranges of integration over energy 
transfer in meV. The solid lines are fits to the QHO model as described in the text. (b) The An coefficients for the n = 1–7 modes normalized by the values 
of A1. The coefficients are extracted from fits to the Ei = 500 meV (solid red circles) and 800 meV (open green squares) ARCS data sets, and the error 
bars, representing one standard deviation, are smaller than the size of the symbols. The solid line is the prediction of the QHO model with ωo = 50 meV 
and m corresponding to the mass of a nitrogen atom. The ratio is plotted on a logarithmic scale and spans almost 20 orders of magnitude.
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The parameter C is related to the zero-point energy of the oscil-
lator. For a nitrogen atom in a harmonic potential corresponding to 
ωo = 50 meV, the calculated value of C is 0.003 Å2. The mean value 
of C determined from all modes at both incident energies was found 
to be 0.00275(10) Å2; this is very close to the calculated value. As 
a further check, the data for each Ei was analysed using a global  
fit (see Supplementary Discussion Section B and Supplementary  
Fig. S3) obtaining values for C of 0.00276(2) Å2 and 0.00264(2) Å2 
for the Ei = 500 meV and 800 meV data sets, respectively, also in good 
agreement with expectations. The slight discrepancies between the 
fitted and calculated C values may be due to the simple assumption 
made for the multiple scattering.

Binary solid model extension. Clearly, the QHO model gives an 
outstanding description of the data. It should be noted that a calcu-
lation of the multiphonon scattering for a single frequency, perfectly 
dispersionless Einstein model leads to a result that is equivalent to 
the QHO model24. However, the oscillator picture is a simpler and 
more physically reasonable description for the localized vibrations 
of N atoms in UN, particularly when one considers that it is not an 
ideal Einstein solid: the crystalline environment and acoustic modes 
also affect the scattering. Detailed theoretical predictions exist for 
the response of a binary harmonic solid consisting of a lattice of 
diatomic molecules with a light atom of mass m bound to a heav-
ier atom of mass M25. In the limit m  M, appropriate for UN, the 
finite mass of the U atoms can be accounted for approximately by 
replacing the delta function in equation (2) with a Gaussian:
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This modification suggests that the oscillator modes should be 
broadened to a width σ and the position of the nth mode shifted 
by the uranium recoil to   w w= +n Q Mo

2 2 2/ . For UN, it is not 
possible to associate a specific N atom with an individual U atom,  
nevertheless it is still reasonable to compare the data with the binary 
solid model. To assess how well this model describes the present 
data, constant Q-cuts (2 Å − 1 integration range) from the ARCS 
Ei = 500 meV measurement were fit to a superposition of several 
Gaussian functions (see Supplementary Fig. S4 for a representative 
fit). The net result of the fitting shows that the modes have an aver-
age intrinsic full-width half-maximum of 26 meV with no systematic 
behaviour evident as a function of Q or n (see Supplementary Table 
S1 and Supplementary Fig. S5). The magnitude of the broadening is 
in agreement with the prediction of the binary solid model25 that 
the intrinsic energy width of the n > 1 peaks should be of the same 
order as the bandwidth of the acoustic phonon modes. Inspection of 
Fig. 2a shows this width to be around 20 meV. Except for a possible 
small effect on the n = 1 mode, the fitting does not reveal a measura-
ble shift of the mode energies as a function of Q. Multiple scattering 
contributions at the mode positions may mask any shift at higher 
Q. More details of the binary solid model extension are provided in 
Supplementary Discussion Section C.

Local potential of the nitrogen atoms. To investigate why the iso-
tropic QHO description is so appropriate for UN, density functional 
theory (DFT) has been used to calculate the potential energy of the 
nitrogen atoms relative to their equilibrium positions for displace-
ments along major crystallographic directions. Although DFT 
often fails to give the true ground state for correlated materials, in 
fact it has been shown to give a good description of the electronic 

(4)(4)

energies in UN10. Moreover, DFT gives highly reliable values for 
relative energy differences of displaced atoms independent of the 
precise ground state. The DFT results shown in Fig. 5 verify that 
the potential is harmonic over a wide energy range, certainly for 
E < 1 eV. At the same time, in this range, the potential energy along 
different directions is isotropic to within 2%. The ab-initio calcula-
tions predict an energy spacing for the oscillator modes of 50 meV, 
corresponding very well to the spacing of the excitations observed 
in the neutron-scattering measurements.

Discussion
The QHO behaviour observed here should be visible in many  
materials where the constituent atoms have greatly different masses. 
It is also important that there be weak interactions between light 
atoms sitting in a very harmonic potential. Possible harmonic oscil-
lator behaviour has long been sought and investigated in metallic 
hydrides, especially for zirconium and titanium systems26–31. How-
ever, the potentials at the hydrogen sites generally show significant 
anisotropy or anharmonic effects32,33. These features manifest 
themselves as fine structure and uneven spacing in the hydrogen 
vibrational modes, and they arise from H–H interactions, crystal-
line anisotropy and low potential barriers to hopping of the protons. 
In sharp contrast, the potential at the nitrogen sites of UN is very 
harmonic and isotropic, leading to evenly spaced nitrogen vibra-
tional modes exhibiting no fine structure within the instrumental 
energy resolution. To the best of our knowledge, each nitrogen atom 
in UN is a unique manifestation of a single-atom QHO.

The scattering of neutrons from the oscillator modes may be an 
important factor in the consideration of UN as a nuclear fuel mate-
rial. UN has several desirable characteristics for this application, 
including excellent thermal conductivity and a high melting tem-
perature. For that reason, it is currently under intense consideration 
for use in proposed Generation IV nuclear reactors13–15,34, which 
operate at high temperatures (500–1,000 °C), allowing for improved 
efficiency in the conversion of heat to electricity.

Nuclear reactor designs require a detailed knowledge of the  
neutron cross-sections and thermal behaviour of the constituent 

2.5

P
ot

en
tia

l e
ne

rg
y 

(e
V

)

2.0

1.5

1.0

0.5

0.0

–0.6 –0.4 –0.2 0.0 0.2 0.4 0.6

Nitrogen position (Å)

Figure 5 | DFT calculated potential energy of the N atoms in the system 
UN. The potential energy is shown for atomic displacements relative to the 
equilibrium position along the [100] (red squares), [110] (black triangles) 
and [111] (blue circles) directions. The solid lines are fits of the calculated 
small displacement limit values to parabolic (that is harmonic) potentials. 
The potential energy is very isotropic and harmonic over a wide range. 
Deviations are visible above 1 eV, especially along the [100] direction.



ARTICLE

��

nature communications | DOI: 10.1038/ncomms2117

nature communications | 3:1124 | DOI: 10.1038/ncomms2117 | www.nature.com/naturecommunications

© 2012 Macmillan Publishers Limited. All rights reserved.

atoms composing the nuclear fuel. Fermi35 showed that harmonic 
oscillations of protons in metals have a significant measurable  
effect on total neutron cross-sections. In addition to affecting the 
total cross-section, the oscillator modes in UN could also impact 
operation via self-moderation of neutrons. The modes will be  
thermally populated at the proposed Generation IV-operating 
temperatures and it is necessary to understand if there will be 
any impact on the thermal conductivity. Given the strong scatter-
ing processes shown in the present work, it is clear that the oscil-
lator excitations must be accounted for properly in any detailed  
Generation IV designs.

Methods
Neutron scattering. For the neutron scattering experiments, the UN single crystal 
was sealed in an ultrathin Al sample can36 with He exchange gas and cooled to 
~5 K in a closed cycle He refrigerator. For the SEQUOIA18 measurements, a Fermi 
chopper with a slit spacing of 3.6 mm and a radius of curvature of 1.53 m was spun 
at 300 Hz and 360 Hz for Ei = 80 meV and 250 meV, respectively, yielding FWHM 
energy resolutions of 4% and 6% of Ei at the elastic line. The data was accumu-
lated by combining measurements taken with several different incident neutron 
directions in the [HHL] plane. The data from ARCS was obtained using a chopper 
with an identical radius of curvature and outer dimensions to the SEQUOIA Fermi 
chopper described above, but with a slit spacing of 0.5 mm. The chopper was spun 
at 480 Hz (Ei = 500 meV) or 600 Hz for (Ei = 800 meV) to yield a FWHM energy 
resolution of 3.5% of Ei at the elastic line. The sample was rotated continuously 
between the [HH0] and [00L] directions during data collection. In all measure-
ments, the data was normalized to account for variations of the detector response 
and solid angle coverage with a vanadium standard. This procedure enabled an 
accurate determination of the orientationally averaged scattering response. The  
collection of neutron events is a counting process, therefore we used Poisson  
statistics for computing uncertainties.

Density functional theory. The electronic structure within the DFT was obtained 
using the Quantum ESPRESSO package37. The calculation was performed using 
a plane-wave basis set and ultrasoft pseudopotential38 in a RKKJ scheme39. The 
uranium pseudopotential was obtained from an ionized electronic configuration 
6p66d15f 37s1 with cut-off radii equal to 3.5 atomic units (a.u.), 1.7, 2.6 and 1.6 a.u.  
for s, p, d and f angular momentum. The electronic levels deviate from the all-
electron ones by less than 0.1 meV. We used the Perdew, Burke and Ernzerhof40 
exchange-correlation functional. The Brillouin zone (BZ) summations were  
carried out over a 4×4×4 BZ k-points grid for a supercell containing 64 atoms.  
The electronic smearing with a width of 0.02 Ry was applied according to the 
Methfessel–Paxton method. The plane wave energy and charge density cut-offs 
were 73 Ry and 1054 Ry, respectively, corresponding to a calculation accuracy of 
0.2 mRy per atom. The nitrogen atom potential was obtained from the total energy 
modification of a 2×2×2 supercell when one nitrogen atom was shifted from the 
equilibrium position in the [100], [110] or [111] directions and the remaining 
atoms were held fixed in their equilibrium positions. 
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