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•Multiscale modeling research is “rampant” - very little crystal 
scale mechanical testing data, however 
•Overarching idea: use High Energy X-ray Diffraction (HEXD) 
data and in situ loading with FEM representation of 
microstructure to understand crystal scale material behavior 
•Processing and Performance - induced CHANGES in unit cell to 
understand material response 
•Merge model with diffraction data: 

M.P. Miller and P.R. Dawson, Current Opinion in Solid State & 
Materials Science, 18, 286-299, 2014. 
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•You need to understand diffraction (or scattering) well enough 
to do your science - the deeper your understanding, the more 
versatile the tool will be for you.
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versatile the tool will be for you.
•Diffraction data looks like bad TV - data reduction is 
challenging. There are several packages out there but NONE of it 
is point and click - you are going to have to write some code.
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•You need to understand diffraction (or scattering) well enough 
to do your science - the deeper your understanding, the more 
versatile the tool will be for you.
•Diffraction data looks like bad TV - data reduction is 
challenging. There are several packages out there but NONE of it 
is point and click - you are going to have to write some code.
• Connecting x-ray data to underlying material behavior is 
challenge and the opportunity. 
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to do your science - the deeper your understanding, the more 
versatile the tool will be for you.
•Diffraction data looks like bad TV - data reduction is 
challenging. There are several packages out there but NONE of it 
is point and click - you are going to have to write some code.
• Connecting x-ray data to underlying material behavior is 
challenge and the opportunity. 
•Obtaining in situ (real time) information over an entire 
polycrystalline aggregate is the main advantage of doing 
diffraction at a light source
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2

•You need to understand diffraction (or scattering) well enough 
to do your science - the deeper your understanding, the more 
versatile the tool will be for you.
•Diffraction data looks like bad TV - data reduction is 
challenging. There are several packages out there but NONE of it 
is point and click - you are going to have to write some code.
• Connecting x-ray data to underlying material behavior is 
challenge and the opportunity. 
•Obtaining in situ (real time) information over an entire 
polycrystalline aggregate is the main advantage of doing 
diffraction at a light source
•Be careful, it is easy to get “hooked” on diffraction and light 
sources and late nights and multiple days at the beam line and 
the tool becomes your science… it’s actually pretty great!
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment
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– High Energy; E > 50 keV

• Lower absorption - bulk samples
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• The constant µ varies with X-ray energy and material with the approximate relation:
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⇢
/ Z

4
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(71)

where Z is the atomic number and E is the X-ray energy. So, if we want to penetrate
further into materials, we need to increase our X-ray energy. This is why the High Energy
X-rays that are available at some synchrotron sources are so valuable.

• *It should be noted that µ increases rapidly near the binding energies of di↵erent electron
shells of an atom. A typical µ

⇢
chart:

• Values of µ

⇢
versus X-ray energy can be found on the NIST website.
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample
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• the design and fabrication of a diffractometer/mechanical loading system,
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Determining the Crystal Strains from Di↵raction Data

• We will basically repeat the rosette process for the determination of the state of strain
within a crystal using measured lattice strains from a rotating crystal experiment and
✏nn = n̂ · ✏ · n̂.

• The rotating crystal experiment is shown schematically below. Every di↵raction spot can
be associated with the triplet of relevant angles from the experiment (⌘, 2✓, !). The angle
! comes from the di↵ractometer and we measure ⌘ and 2✓ from the intersection point of
the di↵racted beam on the detector.

• As discussed previously we want to measure ghkl because the reading from the “strain
gage” can be determined, ✏nn = �dhkl

do
hkl

=
||go

hkl ||
||ghkl ||

� 1 and the orientation of the “strain gage”

is given by nhkl = ghkl

||ghkl ||
.

• We use the definition of the scattering vector and the Laue condition, q = ko� ki = ghkl

to understand that if we can determine ko and ki we can compute ghkl.

• The x-ray beam can’t move. We put all vectors into the lab coordinates, so that

gL
hkl = kL

o � kL
i

and since gL
hkl is defined relative to the crystal basis

RL,SRS,CgC
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i

• So we set up the lab frame around the incoming beam,
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�
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample
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where Z is the atomic number and E is the X-ray energy. So, if we want to penetrate
further into materials, we need to increase our X-ray energy. This is why the High Energy
X-rays that are available at some synchrotron sources are so valuable.

• *It should be noted that µ increases rapidly near the binding energies of di↵erent electron
shells of an atom. A typical µ
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versus X-ray energy can be found on the NIST website.
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Determining the Crystal Strains from Di↵raction Data

• We will basically repeat the rosette process for the determination of the state of strain
within a crystal using measured lattice strains from a rotating crystal experiment and
✏nn = n̂ · ✏ · n̂.

• The rotating crystal experiment is shown schematically below. Every di↵raction spot can
be associated with the triplet of relevant angles from the experiment (⌘, 2✓, !). The angle
! comes from the di↵ractometer and we measure ⌘ and 2✓ from the intersection point of
the di↵racted beam on the detector.

• As discussed previously we want to measure ghkl because the reading from the “strain
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
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where Z is the atomic number and E is the X-ray energy. So, if we want to penetrate
further into materials, we need to increase our X-ray energy. This is why the High Energy
X-rays that are available at some synchrotron sources are so valuable.

• *It should be noted that µ increases rapidly near the binding energies of di↵erent electron
shells of an atom. A typical µ
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Determining the Crystal Strains from Di↵raction Data

• We will basically repeat the rosette process for the determination of the state of strain
within a crystal using measured lattice strains from a rotating crystal experiment and
✏nn = n̂ · ✏ · n̂.

• The rotating crystal experiment is shown schematically below. Every di↵raction spot can
be associated with the triplet of relevant angles from the experiment (⌘, 2✓, !). The angle
! comes from the di↵ractometer and we measure ⌘ and 2✓ from the intersection point of
the di↵racted beam on the detector.

• As discussed previously we want to measure ghkl because the reading from the “strain
gage” can be determined, ✏nn = �dhkl

do
hkl

=
||go

hkl ||
||ghkl ||

� 1 and the orientation of the “strain gage”

is given by nhkl = ghkl

||ghkl ||
.

• We use the definition of the scattering vector and the Laue condition, q = ko� ki = ghkl

to understand that if we can determine ko and ki we can compute ghkl.

• The x-ray beam can’t move. We put all vectors into the lab coordinates, so that

gL
hkl = kL

o � kL
i

and since gL
hkl is defined relative to the crystal basis

RL,SRS,CgC
hkl = kL

o � kL
i

• So we set up the lab frame around the incoming beam,

kL
i = �2⇡

�
êi = �2⇡

�
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0
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 
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• The constant µ varies with X-ray energy and material with the approximate relation:

µ

⇢
/ Z

4

E3
(71)

where Z is the atomic number and E is the X-ray energy. So, if we want to penetrate
further into materials, we need to increase our X-ray energy. This is why the High Energy
X-rays that are available at some synchrotron sources are so valuable.

• *It should be noted that µ increases rapidly near the binding energies of di↵erent electron
shells of an atom. A typical µ

⇢
chart:

• Values of µ

⇢
versus X-ray energy can be found on the NIST website.
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 
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• X-ray diffraction- 100+ years old!
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– High Fidelity, tunable X-ray beams
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
– Energy Dispersive Diffraction (EDD)
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
– Energy Dispersive Diffraction (EDD)
– Peak information now in terms of E
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• in situ measurement of lattice Strain Pole Figures and crystal stresses during cyclic loading and

• real time cyclic loading / x-ray diffraction (lattice strain) experiments.

✏ss = s · ✏ · sT =
h

s1 s2 s3

i

2

6664

✏xx ✏xy ✏xz

✏xy ✏yy ✏yz

✏xz ✏yz ✏zz

3

7775

8
>>><

>>>:

s1

s2

s3

9
>>>=

>>>;
(3)

� = 2d sin ✓ (4)

E =
hc

�
(5)

(6)

�(R) = C(R)✏(R)
� = C✏

✏c(s) = ✏ss ⌘
dc � d

0
c

d0
c

(7)

(q = G)

Ru = �
Z

B
tr

⇣
�0T grad 

⌘
dB +

Z

B
⇡ div dB +

Z

@B
t · d� +

Z

B
◆ · dB (8)

✏ss = ✏xx cos2 � sin2
 + ✏yy sin2

� sin2
 + ✏zz cos2  

+✏yz sin� sin 2 + ✏xz cos� sin 2 + ✏xy cos 2� sin2
 (9)

✏ss =
1 + ⌫

E

⇥
�xx cos2 �+ �xy sin 2�+ �yy sin2

�� �zz

⇤
sin2

 

+
1 + ⌫

E
�zz �

⌫

E
(�xx + �yy + �zz) +

1 + ⌫

E
(�xz cos�+ �yz sin�) sin 2 (10)

or
1 + ⌫

E
=

1
2
S

hkl

2 ;� ⌫
E

= S
hkl

1

• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
– Energy Dispersive Diffraction (EDD)
– Peak information now in terms of E
– Translate sample and/or detector
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
– Energy Dispersive Diffraction (EDD)
– Peak information now in terms of E
– Translate sample and/or detector

• Collect a field of data
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
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• Polychromatic (White) x-rays
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– Peak information now in terms of E
– Translate sample and/or detector

• Collect a field of data
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• X-ray diffraction- 100+ years old!
– “Workhorse” scattering experiment

• Synchrotron source
– High Fidelity, tunable X-ray beams

• Monochromatic x-rays
– High Energy; E > 50 keV

• Lower absorption - bulk samples
– Rotate the sample

• Intensity at (2θ, η, ω)
• Fast, area detectors 

• Polychromatic (White) x-rays
– 40keV < E < 200 ++ keV (Blue)
– Energy Dispersive Diffraction (EDD)
– Peak information now in terms of E
– Translate sample and/or detector

• Collect a field of data
• Slits enable stepping through T

– SERIOUS fast alternative to neutron 
diffraction
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Beam size / grain size: Powder or Single Crystal

• MultiGrain Experiments (Spots) 
– Collect diffracted intensity in each grain 
– 100s to 2000 grains 
– Detector distance 

• Near field - orientation map of 
polycrystal 

• Fare field - strains and evolution with in-
situ loading
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Beam size / grain size: Powder or Single Crystal

• “Powder” Experiments 
– 5,000-10,000 grains 
– Distribution information 
– In situ loading or residual stress
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:

✏ = ✏ij êiêj = ✏11ê1ê1 + ✏12ê1ê2 + ✏13ê1ê3+

✏21ê2ê1 + ✏22ê2ê2 + ✏23ê2ê3

+✏31ê3ê1 + ✏32ê3ê2 + ✏33ê3ê3

Now, determine ✏nn by dotting each of the basis vectors, i.e.

✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or

✏nn = n̂ · ✏ · n̂

• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and

✏nn = ✏A =
⇥

cos(✓A) sin(✓A) 0
⇤
2

4
✏11 ✏12 0
✏21 ✏22 0
0 0 ✏33

3

5
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4
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0

3

5

✏nn = ✏A = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12

With similar equations for ✓B and ✓C , same as above. This works with any second order
tensor.

9

Lattice Strains - Link to Stress

• The state of plane stress on the surface of an elastically isotropic component produces the
following stress and strain tensors relative to x,y,z:
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
Recall the transformation equations for a second order tensor from an old to a new (primed)
coordinate system: ✏0

ij = ✏klaikajl, where aij = ê0
i · êj. In this case, the coordinate trans-

formation is a simple rotation around z by ✓A, ✓B or ✓C and the prime basis vectors are:

ê0
1 = cos(✓I)ê1 + sin(✓I)ê2 (2)

ê0
2 = �sin(✓I)ê1 + cos(✓I)ê2 (3)

and

[a] =
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4
cos(✓I) sin(✓I) 0
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0 0 1

3

5 (4)

just like the simple rotation matrices we defined earlier. So now

[✏]0 = [a][✏][a]T (5)
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:

✏ = ✏ij êiêj = ✏11ê1ê1 + ✏12ê1ê2 + ✏13ê1ê3+

✏21ê2ê1 + ✏22ê2ê2 + ✏23ê2ê3

+✏31ê3ê1 + ✏32ê3ê2 + ✏33ê3ê3

Now, determine ✏nn by dotting each of the basis vectors, i.e.

✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or

✏nn = n̂ · ✏ · n̂

• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and

✏nn = ✏A =
⇥
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✏nn = ✏A = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12

With similar equations for ✓B and ✓C , same as above. This works with any second order
tensor.
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
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or
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:

✏ = ✏ij êiêj = ✏11ê1ê1 + ✏12ê1ê2 + ✏13ê1ê3+

✏21ê2ê1 + ✏22ê2ê2 + ✏23ê2ê3
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Now, determine ✏nn by dotting each of the basis vectors, i.e.

✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or

✏nn = n̂ · ✏ · n̂

• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)
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✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:
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and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫
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(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:
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✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or
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• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and
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With similar equations for ✓B and ✓C , same as above. This works with any second order
tensor.
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
Recall the transformation equations for a second order tensor from an old to a new (primed)
coordinate system: ✏0

ij = ✏klaikajl, where aij = ê0
i · êj. In this case, the coordinate trans-

formation is a simple rotation around z by ✓A, ✓B or ✓C and the prime basis vectors are:
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All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
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We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:

✏ = ✏ij êiêj = ✏11ê1ê1 + ✏12ê1ê2 + ✏13ê1ê3+

✏21ê2ê1 + ✏22ê2ê2 + ✏23ê2ê3
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Now, determine ✏nn by dotting each of the basis vectors, i.e.

✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or

✏nn = n̂ · ✏ · n̂

• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and
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With similar equations for ✓B and ✓C , same as above. This works with any second order
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
Recall the transformation equations for a second order tensor from an old to a new (primed)
coordinate system: ✏0

ij = ✏klaikajl, where aij = ê0
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and

[a] =

2

4
cos(✓I) sin(✓I) 0
� sin(✓I) cos(✓I) 0

0 0 1

3

5 (4)

just like the simple rotation matrices we defined earlier. So now

[✏]0 = [a][✏][a]T (5)

=

2

4
c s 0
�s c 0
0 0 1

3

5

2

4
✏11 ✏12 0
✏21 ✏22 0
0 0 ✏33

3

5

2

4
c �s 0
s c 0
0 0 1

3

5 (6)

=

2

4
✏11c + ✏12s �✏11s + ✏12c 0
�✏12c + ✏22s �✏12s + ✏22c 0

0 0 ✏33

3

5 (7)

=

2

4
c s 0
�s c 0
0 0 1

3

5

2

4
✏11c2 + 2✏12sc + ✏22s2 �� ��

�� �� ��
�� �� ��

3

5 (8)

8

National School on Neutron and X-ray Scattering	



All we need is the ✏0
11 term so we can repeat the process for each gage angle and write the

following system of equations relating the strains measured at the three orientations, ✏A,
✏B, ✏C to the strain tensor, ✏ as

✏A(✓A) = cos2(✓A)✏11 + sin2(✓A)✏22 + 2sin(✓A)cos(✓A)✏12 (9)

✏B(✓B) = cos2(✓B)✏11 + sin2(✓B)✏22 + 2sin(✓B)cos(✓B)✏12 (10)

✏C(✓C) = cos2(✓C)✏11 + sin2(✓C)✏22 + 2sin(✓C)cos(✓C)✏12 (11)

We call these the rosette equations and we solve them simultaneously for ✏11, ✏12 and ✏22.

• If we make more than 3 strain measurements, this becomes a least squares problem. Using
�33 = 0, we get

✏33 =
�⌫

1� ⌫
(✏11 + ✏22) (12)

• With ✏, we can use Hooke’s law to calculate the stress tensor, �.

• Care must be taken so that ✓A, ✓B and ✓C e↵ectively span the directions necessary to
e↵ectively quantify ✏. There are ways to choose the angles to make the calculations easy,
i.e. ✓A = 0, ✓B = 45o, ✓C = 90o.

• Another way of generating the rosette equation is to use the nonion form of the strain
tensor and take dot products to “pick out” a single component. We do this all the time
with vectors, v = viêi, we pick out the component of v in a particular direction, n̂, with
a dot product,

vn = v · n̂
= viêi · njêj

= vinj(êi · êj)

= vinj�ij

• The beauty of the full nonion form is the intuitive way for choosing a particular component
of a second order tensor comes out by doing 2 dot products (for each index). Recall the
notion form:

✏ = ✏ij êiêj = ✏11ê1ê1 + ✏12ê1ê2 + ✏13ê1ê3+

✏21ê2ê1 + ✏22ê2ê2 + ✏23ê2ê3

+✏31ê3ê1 + ✏32ê3ê2 + ✏33ê3ê3

Now, determine ✏nn by dotting each of the basis vectors, i.e.

✏nn = (✏ijêiêj) · (nkêk) · (nlêl)

= ✏ijnk(êi · êk)nl(êj · êl)

= ✏ijnknl�ik�jl

or

✏nn = n̂ · ✏ · n̂

• So, in our case for the gage aligned with ✓A, n̂ = cos(✓A)ê1 + sin(✓A)ê2 and
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With similar equations for ✓B and ✓C , same as above. This works with any second order
tensor.
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So the business of experimental stress analysis is to take the normal strains from a rosette
and determine the strain tensor. Note that the plane stress conditions will enable the
determination of the out of plane normal stress, ✏33, once we know the in-plane components
so we need 3 normal strains to fix the strain tensor.

• We’ll look at 2 methods of determining [✏]. First we will think of transforming the strain
tensor from x,y,z to the local coordinate system associated with each of the strain gages.
Recall the transformation equations for a second order tensor from an old to a new (primed)
coordinate system: ✏0

ij = ✏klaikajl, where aij = ê0
i · êj. In this case, the coordinate trans-
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Tensile Response of One Crystal - Far Field 
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Tensile Response of One Crystal - Far Field 
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Cyclic Deformation of High Purity Copper

• Fatigue Crack initiation in copper 
• Heterogeneous plastic slip 

• Cyclic tests:  
• OFHC (99.9% pure copper) 

• CHESS F2 & APS 1-ID 
• Su Leen Wong & Robert Carson simulations (P. Dawson)

Obstalecki et al.,Acta Mat., 
75, 259-272, 2014

Mark Obstalecki

to better capture the data and, when a suitable comparison between experiment and simulation
exists, the subgrain structure of EVERY grain within the aggregate can be extracted from the
model.

In this project, we will build on the experience of measuring the ⇣ and ⇥ distributions for
understanding how the distributions of orientation and strain change in each of the phases within
steel during rapid thermo-mechanical processing operations but we will face the additional challenge
of interrogating a mixed powder and individual grain microstructure in an extremely short amount
of time.

Figure 7: Schematic of the Finite Element Based Virtual Di↵ractometer forward projection method for copper
polycrystals [35].

Figure 8: (Left) Stress versus strain history for the OFHC copper sample tested at fixed strain amplitude for 16
cycles. (Right) Schematic of the way a di↵raction peak (spot) is decomposed to extract the center of mass (COM)
and full width at half maximum (FWHM) values in the radial (2✓) and azimuthal (⌘) directions. [38].

3.4 The MM-PAD Detector

The required x-ray di↵raction studies place stringent constraints on the detector. To enable
observation of phase transformations and material evolution during the rapid heating, cooling and

17

Macroscale Stress-Strain
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Reverse Modeling / Inversion 
• Use data with the diffraction 

model to back-calculate: 
• lattice strains - stresses 
• orientation distributions 

• Extract stresses and orientations 
from FEM model 
• Compare 

• Iteration/hypothesis check?

Crystal Stress Tensor
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Forward projection: interface with the model 

⤻

400 Microns

ωForward Projection /  
Virtual Diffractometer 

• Put diffraction model into FEM  
• Accurately represent x-ray 

paths and detector 
• Distortion and orientation of 

virtual crystals within virtual 
diffraction data  

• Compare virtual and real 
detectors directly 

• Hypothesis investigation 
• See impact directly ⤻ω



Diffracted Intensity Distribution - Far Field Detector

• Polycrystal Sample - rotate in ω 
• 100 - 1000 grains 
• 20 - 100 peaks per grain 

• Each peak contains a projection of 
strain and orientation distributions 
within a grain 
• Post-yield “smearing” associated with 

plasticity - crystallographic slip 
• To first approximation 

• Orientation spread: η (azimuthal) &ω 
• Strain spread: 2θ (radial) - traditional line 

broadening 
• Moments of intensity distribution 

• Mean value (centroid) 
• Full Width Half Max (spread)



Diffracted Intensity Distribution - Far Field Detector

• Polycrystal Sample - rotate in ω 
• 100 - 1000 grains 
• 20 - 100 peaks per grain 

• Each peak contains a projection of 
strain and orientation distributions 
within a grain 
• Post-yield “smearing” associated with 

plasticity - crystallographic slip 
• To first approximation 

• Orientation spread: η (azimuthal) &ω 
• Strain spread: 2θ (radial) - traditional line 

broadening 
• Moments of intensity distribution 

• Mean value (centroid) 
• Full Width Half Max (spread)

FWHM(η)

FWHM(2θ)
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• Build a virtual polycrystal  
• Single crystal elasticity + plasticity 

• ~100 scattering centers within each 
tetrahedral element 

• Apply diffraction model - diffracted 
intensity projected onto detector (1) 

(3)(2)(1)

Wong et. al, 2013, Comp. Mat. Sci., 77, 456-466.

Acknowledgements
Funding for this work has been provided by the US Department of Energy, Materials Sciences and Engineering Division, Office of 
Basic Energy Sciences under Grant No. DE-FG02-10ER46758 (Dr. John Vetrano, Program Manager) . The experiments were 
conducted at the Advanced Photon Source which is supported by the US Department of Energy, Office of Basic Energy Sciences, 
under Contract No. DE-AC02-06CH11357. CHESS is supported by the NSF & NIH/NIGMS via NSF award DMR-1332208.

References
[1] Wong, S. L., Park, J.-S., Miller, M. P., & Dawson, P. R. (2013). A framework for generating synthetic diffraction images from 
deforming   polycrystals using crystal-based finite element formulations. Computational Materials Science, 77, 456–466.
[2] Obstalecki, M., Wong, S. L., Dawson, P. R., & Miller, M. P. (2014). Quantitative analysis of crystal scale deformation 
heterogeneity during cyclic plasticity using high-energy X-ray diffraction and finite-element simulation. Acta Materialia, 75, 259–
272.
[3] Wong, S. L., Obstalecki, M., Miller, M. P., & Dawson, P. R. (2015). Stress and deformation heterogeneity in individual grains 
within polycrystals subjected to fully reversed cyclic loading. Journal of the Mechanics and Physics of Solids, 157-185. 
[4] Carson, R., Obstalecki, M., Miller, M., & Dawson, P., (2017). Characterizing heterogeneous intragranular deformations in 
polycrystalline solids using diffraction-based and mechanics-based metrics, Modelling and Simulation in Materials Science and 
Engineering, 25, p. 055008.
[5] Obstalecki, M., Carson, R., Dawson, P. R., & Miller, M. P. (2017). Observing structural heterogeneity within a polycrystal during 
cycling using high energy x-ray diffraction and the implications for crystal scale models. Acta Materialia, (Under revision).

1 mm1 mm
1 mm1 mm

X
Y

Z

തθ𝑖 = 2
𝑖=1

𝑁

ϕα 𝑎𝑟𝑐𝑡𝑎𝑛 𝒘α

𝒘α = 𝒓α − ത𝒓ϕα =
1
𝑁

𝑁: Total # of points in cloud
𝒓α: Orientation of a point in the cloud expressed as a 

Rodrigues vector
ത𝒓: Average orientation expressed as Rodrigues vector

Orientation Cloud Measurement

Virtual Sample Instantiation Using Near-field Data

• A regularized mesh created by voxelating the experimental data can lead to a 
computationally unstable virtual sample.

• Tessellation of the data can be used to produce a computationally robust mesh.
• Neper, a polycrystal generation and meshing program that employs tessellation, was used 

to produce a tessellation and mesh that contained realistic twin volume fractions.

• The Neper-produced finite element mesh produces a realistic approximation of the actual 
region albeit without realistic twin morphologies.

• Can now start looking at importance of a 1:1 reconstruction in capturing the material’s 
response utilizing a more computationally expensive lamellar scheme.

Three Dimensional Orientation Grain Map

Cloud Evolution During Cyclic Loading for a Grain

Intra-cycle Misorientation Development

Spatial Misorientation Development

OFHC – Large Number of Cycles

Summary and Conclusions

Experimental macroscopic stress-strain response for OFHC copper loaded at fixed strain amplitude for 
256 cycles. (Left) Stress-strain traces for cycles 2 and 256 with x-ray diffraction points labeled. (Center) 
Stress-strain response for cycle 2. (Right) Stress-strain response for cycle 256.

• A copper sample was tested at the beamline to determine the effects of a large number 
of cycles on the resulting misorientation bias

• The far-field x-ray measurements were linked to an orientation grain map to identify 
spatial correlations

FCC fundamental region with experimentally 
measured average grain orientations represented 
as points

Orientation cloud generated from a single grain in 
its undeformed state. This spatial distribution of 
points represents the misorientation within a grain 

• The points composing the orientation cloud are used to calculate a scalar misorientation 
value for each grain at each x-ray scan point

Cycle #2 Tension

Orientation cloud measured for cycle 2 
at the tension loop tip

Cycle #2 
Compression

Orientation cloud measured for cycle 2 
at the compression loop tip

Cycle #256 
Tension

Orientation cloud measured for cycle 
256 at the tension loop tip

Cycle #256 
Compression

Orientation cloud measured for cycle 
256 at the compression loop tip

• Growth in the size of the cloud indicates an increasing misorientation within a grain
• A shift in the position of the cloud is a rigid body rotation of the crystal lattice

Misorientation for cycle 2 during the 
excursion from tension to compression

Misorientation for cycle 256 during the 
excursion from tension to compression

Misorientation for cycle 2 during the 
excursion from compression to tension

Misorientation for cycle 256 during the 
excursion from compression to tension

Four individual layers mapping the grain 
orientations within an OFHC sample

The orientation grain map after the four 
layers are stitched together

• The orientation grain map allows us to observe 
spatial trends such as the misorientation distribution

Misorientation overlaid on the grain map for the tension and 
compression loop tips of cycles 2 and 256 

• Average change in 
misorientation between 
tension and compression is 
79%

• Grains can have larger 
misorientation in tension or 
compression

• Average change in 
misorientation between 
tension and compression is 
10%

• Generally grains with large 
misorientation in tension 
also exhibit large 
misorientation in 
compression

• Fatigue crack initiation in ductile metals is a direct result of heterogeneous cyclic plasticity. This 
project employs experiments and simulations to understand fatigue in two alloys: OMC and OFHC. 

• The HEXD experiments developed in this project are capable of quantifying cyclic plasticity-induced 
distributions of intragrain lattice orientations and strains, and the FEM-based modeling framework 
is capable of representing the elastic-plastic deformation within every crystal with sub-crystal 
resolution.

• Both materials exhibited tension-compression differences in the orientation distributions, but the 
OMC distributions exhibited little cyclic evolution, while the OFHC response evolved during the 
early cycles then saturated.

• New misorientation metrics enable quantitative comparisons between different modeling 
assumptions and between simulations and experiments.

• Grain to grain variation of the lattice orientation distributions were measured using combined 
near- and far-field HEXD.

• A computationally-robust virtual sample, which was produced from the near field grain map using 
the meshing and tessellation program Neper, is being used to quantify continuity of slip between 
neighboring grains. 

Near field (NF) grain map reconstruction that 
contains twinned regions

NF grain map reconstruction with twins combined 
with “parent” grain allows for such convergence

Neper generated tessellation based on NF 
grain map without twins

Tessellation with twins put back into parent 
grain based upon original twin volume

OFHC: Spatial Heterogeneity & Many Cycles 

• Much more misorientation evolution is observed during cycle 2 when compared to cycle 256
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• Build a virtual polycrystal  
• Single crystal elasticity + plasticity 

• ~100 scattering centers within each 
tetrahedral element 

• Apply diffraction model - diffracted 
intensity projected onto detector (1) 

(3)(2)(1)
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Orientation Cloud Measurement

Virtual Sample Instantiation Using Near-field Data

• A regularized mesh created by voxelating the experimental data can lead to a 
computationally unstable virtual sample.

• Tessellation of the data can be used to produce a computationally robust mesh.
• Neper, a polycrystal generation and meshing program that employs tessellation, was used 

to produce a tessellation and mesh that contained realistic twin volume fractions.

• The Neper-produced finite element mesh produces a realistic approximation of the actual 
region albeit without realistic twin morphologies.

• Can now start looking at importance of a 1:1 reconstruction in capturing the material’s 
response utilizing a more computationally expensive lamellar scheme.

Three Dimensional Orientation Grain Map

Cloud Evolution During Cyclic Loading for a Grain

Intra-cycle Misorientation Development

Spatial Misorientation Development

OFHC – Large Number of Cycles

Summary and Conclusions

Experimental macroscopic stress-strain response for OFHC copper loaded at fixed strain amplitude for 
256 cycles. (Left) Stress-strain traces for cycles 2 and 256 with x-ray diffraction points labeled. (Center) 
Stress-strain response for cycle 2. (Right) Stress-strain response for cycle 256.

• A copper sample was tested at the beamline to determine the effects of a large number 
of cycles on the resulting misorientation bias

• The far-field x-ray measurements were linked to an orientation grain map to identify 
spatial correlations

FCC fundamental region with experimentally 
measured average grain orientations represented 
as points

Orientation cloud generated from a single grain in 
its undeformed state. This spatial distribution of 
points represents the misorientation within a grain 

• The points composing the orientation cloud are used to calculate a scalar misorientation 
value for each grain at each x-ray scan point

Cycle #2 Tension

Orientation cloud measured for cycle 2 
at the tension loop tip

Cycle #2 
Compression

Orientation cloud measured for cycle 2 
at the compression loop tip

Cycle #256 
Tension

Orientation cloud measured for cycle 
256 at the tension loop tip

Cycle #256 
Compression

Orientation cloud measured for cycle 
256 at the compression loop tip

• Growth in the size of the cloud indicates an increasing misorientation within a grain
• A shift in the position of the cloud is a rigid body rotation of the crystal lattice

Misorientation for cycle 2 during the 
excursion from tension to compression

Misorientation for cycle 256 during the 
excursion from tension to compression

Misorientation for cycle 2 during the 
excursion from compression to tension

Misorientation for cycle 256 during the 
excursion from compression to tension

Four individual layers mapping the grain 
orientations within an OFHC sample

The orientation grain map after the four 
layers are stitched together

• The orientation grain map allows us to observe 
spatial trends such as the misorientation distribution

Misorientation overlaid on the grain map for the tension and 
compression loop tips of cycles 2 and 256 

• Average change in 
misorientation between 
tension and compression is 
79%

• Grains can have larger 
misorientation in tension or 
compression

• Average change in 
misorientation between 
tension and compression is 
10%

• Generally grains with large 
misorientation in tension 
also exhibit large 
misorientation in 
compression

• Fatigue crack initiation in ductile metals is a direct result of heterogeneous cyclic plasticity. This 
project employs experiments and simulations to understand fatigue in two alloys: OMC and OFHC. 

• The HEXD experiments developed in this project are capable of quantifying cyclic plasticity-induced 
distributions of intragrain lattice orientations and strains, and the FEM-based modeling framework 
is capable of representing the elastic-plastic deformation within every crystal with sub-crystal 
resolution.

• Both materials exhibited tension-compression differences in the orientation distributions, but the 
OMC distributions exhibited little cyclic evolution, while the OFHC response evolved during the 
early cycles then saturated.

• New misorientation metrics enable quantitative comparisons between different modeling 
assumptions and between simulations and experiments.

• Grain to grain variation of the lattice orientation distributions were measured using combined 
near- and far-field HEXD.

• A computationally-robust virtual sample, which was produced from the near field grain map using 
the meshing and tessellation program Neper, is being used to quantify continuity of slip between 
neighboring grains. 

Near field (NF) grain map reconstruction that 
contains twinned regions

NF grain map reconstruction with twins combined 
with “parent” grain allows for such convergence

Neper generated tessellation based on NF 
grain map without twins

Tessellation with twins put back into parent 
grain based upon original twin volume

OFHC: Spatial Heterogeneity & Many Cycles 

• Much more misorientation evolution is observed during cycle 2 when compared to cycle 256

(a) Projection of grid points from all el-
ements belonging to a grain

(b) Pixel intensities computed from
weighted points in Figure 4(a)

(c) Pixel intensities with point spread func-
tion applied to Figure 4(b).

Figure 4: Computing the di↵racted intensity of a synthetic di↵raction spot on the virtual detector.
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Orientation and Strain Spread

peak n of a grain.
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These di↵erences are then averaged across all of a grain’s, N , di↵raction peaks.

⇣ =
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The misorientation metric, ⇣, e↵ectively collapses the collective information contained within all
peaks for one grain. This calculation is repeated for every grain at each x-ray measurement point
during the experiment.

Similarly a metric is developed for the radial, 2✓, broadening of di↵raction peaks characterizing
the distribution of lattice plane spacing (strain) within each grain.

(�2✓FWHM

i )n = (2✓FWHM

i )n � (2✓FWHM

0 )n (3)

⇥ =
1

N

NX

n=1

(�2✓FWHM

i )n (4)

The quantities ⇣ and ⇥ can be measured in identical ways in the experiment and the simulation;
hence, they represent a very powerful and descriptive set of MSVs reflecting the intragrain hetero-
geneity of the orientation and straining within each each crystal. Increases in ⇣ and ⇥ indicate
increasing misorientation and strain distributions, respectively, while decreases can be interpreted
as a return towards the initial state.

As an example, we used HEXD to examine the behavior of OFHC polycrystalline samples
subjected to cyclic deformation [38]. The goal was to understand cyclic plasticity-induced structural
heterogeneity, as manifest by the evolving distributions of intragrain orientation and strain that
precede fatigue crack initiation. Fig. 7 shows the macroscopic stress-strain behavior of the uniaxial
OFHC testing specimen as it is subjected to fully reversed cycling to ± 0.5%. Fig. 7 also depicts
a di↵raction spot HEXD on the detector after elastic-plastic deformation and the manner in which
the HEXD data are decomposed into 2✓ and ⌘ distributions. Fig. 9 depicts distributions of ⇣
and ⇥ measured at the hysteresis loop tips. Fig. 10 depicts the ⇣ and ⇥ distributions extracted
from a finite element-based polycrystal simulation of the experiment. The virtual polycrystal was
instantiated with the crystal orientations measured in the experiment. As can be seen, there
was extensive evolution of the ⇣ distributions at the tensile end of the experiment with less in
compression. There is a misorientation asymmetry between the tensile and compressive data,
indicating that the orientation distribution within some crystals actually got smaller during plastic
deformation - a very surprising result indeed! The distributions of ⇥ also evolved but in a much
more balanced way between tension and compression. The simulation correctly predicts the overall
ranges of ⇣ and ⇥, but with a much more muted cycle-to-cycle evolution of both. We learned
that while there was much that the model captured, the reduced evolution of ⇣ and ⇥ indicates a
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to the underlying material structure, could never be ascertained using macroscale data. More
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to better capture the data and, when a suitable comparison between experiment and simulation
exists, the subgrain structure of EVERY grain within the aggregate can be extracted from the
model.

In this project, we will build on the experience of measuring the ⇣ and ⇥ distributions for
understanding how the distributions of orientation and strain change in each of the phases within
steel during rapid thermo-mechanical processing operations but we will face the additional challenge
of interrogating a mixed powder and individual grain microstructure in an extremely short amount
of time.

Figure 7: Schematic of the Finite Element Based Virtual Di↵ractometer forward projection method for copper
polycrystals [35].
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Figure 8: (Left) Stress versus strain history for the OFHC copper sample tested at fixed strain amplitude for 16
cycles. (Right) Schematic of the way a di↵raction peak (spot) is decomposed to extract the center of mass (COM)
and full width at half maximum (FWHM) values in the radial (2✓) and azimuthal (⌘) directions. [38].

3.4 The MM-PAD Detector

The required x-ray di↵raction studies place stringent constraints on the detector. To enable
observation of phase transformations and material evolution during the rapid heating, cooling and
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• From each peak (spot) 
extract simple center of 
mass (COM) and spread 
(FWHM) information 

• Radial - lattice strain 
• Azimuthal - orientation 

• Using all spots for 1 
crystal (20-100), compute 
𝜣 and 𝜻

Orientation Lattice Strain 
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Tension

Compression

B

A

A: Distribution 
across aggregate

B: Average value

Experiment - Probability Density Distributions 

OFHC Isotropic Simulation Results

Incorporating Latent Hardening

𝑑 ℎ𝑖
Isotropic 1 1

Latent hardening w/o direct hardening 0 1.4

Latent hardening w/ direct hardening 1 1.4

Isotropic hardening

Tension
Compression

Latent hardening w/ direct 
hardening
Tension

Compression

Latent hardening w/o direct 
hardening
Tension Compression

Experiment

Tension

Compression

• Latent hardening is incorporated into slip system 
hardening equation in an attempt to capture the 
misorientation bias

Cycle 1
Cycle 2

Cycle 8

Cycle 4

Cycle 16

Macroscopic stress-strain response for OFHC 
cycled at fixed strain amplitude for 16 cycles

Misorientation for each grain measured using 
HEXD at the tension and compression loop tips

• A misorientation, ζ, bias is not initially observed, however, it develops after about cycle 4 
and continues to grow in magnitude until cycled 16

Misorientation for the tension loop tips of each 
cycle plotted as a probability density

Misorientation for the compression loop tips of 
each cycle plotted as probability densities

Sample probability density plot representing the 
misorientation among many grains. “A” represents 
the distribution of misorientation across the 
aggregate while “B” represents the average 
misorientation.

• The probability density plots for OFHC were 
created using the misorientation values, ζ, 
from each grain in the aggregate measured at 
the tension and compression loop tips.

• The tension misorientation distributions 
continually evolve during the 16 cycles while 
the compression distributions only 
appreciably evolve between cycles 8 and 16.

Misorientation for the tension loop tips of each 
cycle plotted as probability densities

Misorientation for the compression loop tips of 
each cycle plotted as probability densities

Simulated macroscopic stress-strain response using 
an isotropic hardening model. The virtual sample 
mimicked the experimental material and underwent 
the same macroscopic loading conditions. 

• The simulation captures the macroscopic 
strength evolution but did not capture the 
elastic-plastic transition within the hysteresis 
loops.

• On the grain scale, the model captured the 
general range of misorientation 
distribution but under-predicted the cycle by 
cycle variation in misorientation seen at the 
tensile end. 

Misorientation across the aggregate for the tension and 
compression loop tips of cycles 1 and 16 

Compression Cycle 1

Compression Cycle 16

Tension Cycle 1

Tension Cycle 16

OMC Model Results OFHC Results
OFHC Experimental Results

Simulation Misorientation Evolution over Cycles
• Spatial variations in the 

intragrain misorientation 
can be observed between 
compression and tension 
loop tips for each cycle.

• After the initial 
development of broadening 
of intragrain misorientation 
during the 1st cycle, only 
slight evolution of 
misorientation occurs in 
subsequent cycles.

• Ongoing work focuses on 
understanding the spatial 
distribution of deformation 
heterogeneity

Linking Diffraction and Kinematic Intragrain 
Deformation Heterogeneity Metrics [Ref. 4]

• The generic equations used to formulate the 
diffraction and kinematic metrics are given 
below

• The table on the right summarized the various 
metrics utilized in the plots below

Elastic Left Stretch Tensor metric, 𝝂(𝒔) , as calculated 
using the generic equations for an isotropic case

Lattice Misorientation metric, 𝜽(𝒔) , as calculated 
using the generic equations for an isotropic case

Correlation between 𝝂(𝒔) and the reciprocal lattice 
vector metric, 𝚵(𝒔), with only the elastic stretch 
contribution

Correlation between 𝜽(𝒔) and the reciprocal lattice 
vector metric, 𝚵(𝒔), with only the lattice rotation 
contribution

Zero load

ҧ𝐜 = σ𝑖=1
𝑛 𝑤𝑖 𝐜i | Δ𝐜 = 𝐜 − ҧ𝐜 | 𝐂cov = σ𝑖=1

𝑛 𝑤𝑖Δ𝐜i ⊗ Δ𝐜i | 𝐷(𝑠) = tr 𝐂cov |  Ξ(𝑠) = σ𝑖=1
𝑛 𝑤𝑖𝚼 𝐡 𝑖

Mean difference of misorientation for interior 
grains between anisotropic and isotropic hardening

Mean difference of elastic left stretch tensor 
metric for interior grains between anisotropic 
and isotropic hardening

Metric Input Symbol

Reciprocal lattice vector, 𝐠(𝐡) Ξ(𝑠)

Rodrigues vector, 𝒓 𝜃(𝑠)

Elastic left stretch tensor, 𝐕e 𝜈(𝑠)

• A strong correlation was shown between the diffraction metrics and the kinematic metrics
• The anisotropic hardening with no direct hardening constantly results in higher 

misorientation during cyclic loading
• Utilizing the anisotropic hardening model with no direct hardening constantly results in 

higher residual stress

Misorientation calculated for the simulation 
incorporating the isotropic hardening model

Misorientation calculated for the simulation 
incorporating the latent hardening model 
without direct hardening

Misorientation measured during the high 
energy x-ray diffraction experiment

Misorientation calculated for the simulation 
incorporating the latent hardening model with 
direct hardening
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InSitµ@CHESS
• Push the envelope of High Energy X-ray 

Diffraction (HEXD) methods 
– Create new methods, steal others 

• Provide “enhanced support” of HEXD 
experiments 

– Meet designers, scientists, non-x-ray 
experts “half way” 

– Model and analysis support 
– Form partnerships: industry, national 

labs, university faculty 
• Spectrum of Methods and Applications 

– Residual Stress 
• Thick sections 
• Stress + chemistry 
• AM parts 

– In situ Fatigue Crack Growth 
– Other In situ conditions

National School on Neutron and X-ray Scattering	



InSitµ People
• Armand Beaudoin: InSitµ Associate Director, UIUC emeritus Prof., 

distinguished industrial career, experiment/model interface  
• Darren Pagan: Staff scientist, novel HEXD methods / data analysis / 

upgrade 
• Chris Budrow: CHESS GRA working on residual stress 
• Ramya Nair: Post-Doc: working on fracture in cement 
• Kelly Nygren: Post-Doc: blending EM and HEXD 
• Eric Miller: Tufts ECE Prof., signal processing, data science

National School on Neutron and X-ray Scattering	

NairBudrow Pagan Beaudoin Nygren E. Miller



Fatigue crack growth - Aluminum 

$29 Mich. State 4/4/19 

Evolution of Plastic Zone

•Mapping of
● radial peak shift Dd/d
● (Dq/q)FWHM FWHM 

(peak width at full width half maximum intensity)

–measurement every 5000 cycles

–Load held at Pmin = 200N for measurement

FWHM

Dq/q45k cycles35k cycles20k cycles

Fatigue Crack Growth

• in situ measurement              

of crack advance                    

in fatigue crack growth

• Performed at CHESS F2

– Bose electroforce load frame

–C(T) sample
• AA 7XXX

• R = 0.1 
● 10 Hz

–GE detector
• “powder” sample

• followed 311 re.ection

• map of radial peak shift/spread

4mm

12 mm

CHESS

F2

Beamline
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Welding Residual Stress Measurement Results

Justin Mach, Senior Engineer, Caterpillar 
Armand Beaudoin, Industrial LIaison, InSitµ@CHESS 
Matt Miller, Director, InSitµ@CHESS 
Darren Dale, CHESS F2 Beamline Scientist / Associate Director, InSitµ@CHESS 
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Graduate Research Assistants (Cornell University):  Darren Pagan, Mark Obstalecki, & Chris Budrow 
Graduate Research Assistant (University of Illinois at Urbana-Champaign):  Kamalika Chatterjee
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Lap Joint Sample

$32

Fig. 1. Lap-joint sample, (a) 8 mm single pass lap-joint weld on 3/8’’ (c.9.5 mm) thick steel plate, (b) sample A in fixture for reflection experiment
(inset micrograph of weld).

Fig. 2. Welding simulation workflow.

Validating a Model for Welding Induced Residual Stress Using High-Energy X-ray Diffraction 895



Caterpillar Non-Confidential

CAT Simulation result 

Residual stress resulting from welding process simulation.  

path

stress
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CAT Lap joint sample experimental plan

• Welding model validation 
– Simple sample “representative” of a real weld 
– 1/4” steel plate 

• Monochromatic reflection geometry 
– Traditional sin2ψ analysis 
– Replicate lab source experiment 
– Vary energy 
– CHESS F2 

• Polychromatic Energy Dispersive Diffraction (EDD) method 
– Penetrate through the plate 
– Interrogate surface layer 
– Plane stress - rosette analysis 
– Advanced Photon Source (APS)

$34

 

Mach, et. al.,JOM, 69:5, 393-399, 2017.
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Summary of CAT Results
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ADD
Reflection
(sample A)

EDD
(sample A)

EDD
(sample B)

Model

2
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Mach, et. al.,JOM, 69:5, 393-399, 2017.



Addi5ve	Manufacturing:	Residual	Stress	and	Distor5on

$36 Mich. State 4/4/19 

Optomec LENS MR-7

Distortion	Example	(Blown	Powder)

Build	material:	Ti-6Al-4V,	3.5	in.	x	0.75	in.	x	1.25	in.	
(L	x	W	x	H)	
Substrate:	Ti-6Al-4V,	4	in.	x	1	in.	x	0.5	in.	(L	x	W	x	H)

Courtesy	Fred	Lia	and	Wesley	Mitchell	
CIMP	3D,	Penn	State	Univ.	
&	Jim	Williams	–	Ohio	State	Univ.

Powder	Bed:	EOS	

Residual	Stress	Induced	Cracking	

Build	material:	Ti-6Al-4V,	3.5	in.	x	0.75	in.	x	1.25	in.	(L	
x	W	x	H)	
Substrate:	Ti-6Al-4V,	4	in.	x	1	in.	x	0.5	in.	(L	x	W	x	H)



Residual	Stresses	in	AM	Materials

• Monochromatic	powder	
• Measure	gradient	

– Map	strain	over	thin	flange	
– Scans	on	grid	of	0.5	x	0.5	mm	

• 3600	Measurements!	

• Thin	section	of	sample	
– Plane	Stress	

• Sample	rotated	180	degrees	
about	y-axis	
– Stress	result	is	average	of	
"front"	and	"back"	data.	

• White	beam	measurements	
• Not	shown	here
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Additive	Manufacturing:	Results

y

x

MPa

σxx σyy σxy

15	mm

60
	m

m

• [1	1	0]	reflection	used	to	compute	strain,	with	diffraction	ring	broken	up	into	10	degree	
arcs	(for	peak	fitting).	

• Isotropic	Elasticity	applied	to	calculate	stress:	E	=	114	GPa,	v	=	0.342	
• Boundary	conditions	were	used	to	adjust	lattice	parameter,	adjusting	so	that	normal	

stresses	at	corners	are	zero.



Detectors - new speeds and ranges

MM-PAD Detector: Sol Gruner, Cornell 
• 150 micron pixels 
• 38mm x 57mm 
• (Left) 107 x-rays / second; dynamic range 1 - 106 

photons 
• (Right) Seeing Al3Ni Debye rings with 5 photon range 
• CdTe for high energy

Mich. State 4/4/19 

(a) (b)

Figure 11: (a) 0.1s accumulation of a coherent di↵raction ptychography data set taken at beamline P10 at PETRA-
III at DESY [40]. (b) 2 ms powder di↵raction image from a time resolved sequence of a Al3Ni bilayer metal foil
undergoing an exothermic mixing reaction [39].

are manifest in the following ways:
1. In a “typical” HEXD experiment, such as that shown schematically in Fig. 6a, full Debye-

Scherrer rings (⌘ = 2⇡) of data are collected and full sample rotations (! = 2⇡) are used. In
these experiments, we will collect a fraction of a Debye-Scherrer ring, such as that shown in
Fig. 11b, over a very small range of !.

2. The phase transitions will likely produce a complex, time-varying mixture of ring- and spot-
type distributions due to the simultaneous presence of powder-like and distinct grain-like
structure within the di↵erent phases.

3. Even with “single photon resolution”, high fidelity data like that shown in Fig. 11b, for the
rapidly evolving processes of interest here, the ring/spot structure - especially the spreading
associated with the MSVs related to lattice strain and lattice orientation heterogeneity, is
not immediately evident in the recorded images. Rather, the number of photons at any given
pixel on the detector will be distributed as a Poisson random variable whose average value is
dictated by the ring and spot structure. How do we interpret this?

These limitations restrict the nature of the information we will seek concerning the distributions
of lattice strain and orientation. For quasi–static problems where, as the loaded or heated sam-
ple is rotated, we observe clearly resolved di↵raction spots or full Debye-Scherrer rings spanning
large portions of reciprocal space, well-established methods exist for extracting phase, strain and
orientation information from spots [17, 21, 24, 27, 29, 32, 37, 38] or rings [18–20, 25, 30, 33, 34]. For
the types of data to be considered here, such a level of detail will surely not be attainable. Indeed,
understanding just what can be said about the space and time varying structure is a key issue
we seek to explore. Thus, we propose to use, and as needed enhance, methods from the machine
learning and statistical signal processing literatures to estimate from the data collections of MSVs
summarizing the internal state of a given sample.

3.5.1 Supervised Learning Example: Groundwater Containment

We formulate the determination of the MSVs from HEXD data as a supervised learning problem
[45, Chapter 1], for which we are provided a collection of training data comprised of pairs of HEXD

20

0

5

Coherent Diff 100 milliseconds

Brazing - 2 milliseconds

MM-PAD 
Detector 

Tate et. al, Journal of 
Physics: Conference 
Series, 425(6):
062004, 2013.  
Giewekemeyer et. al, 
J. Synch. Rad 21(5):
1167–1174, Sep 2014.
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performance of crystalline materials using high energy x-ray 
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